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Forewords

The 8™ CzECH-SLOVAK CONFERENCE ON GEOMETRY AND GRAPHICS
took place in Olomouc, a wonderful historic city in Moravia and the ca-
pital of the region of the same name, on September 12-15, 2022. The
conference was hosted by the Department of Algebra and Geometry, Fa-
culty of Science, Palacky University in Olomouc in collaboration with the
Union of Czech Mathematicians and Physicists, Olomouc branch. As has
become a tradition in recent years, it was a joint event of two traditio-
nal conferences organized by national societies for geometry and graphics,
4274 CONFERENCE ON GEOMETRY AND GRAPHICS in the Czech Repub-
lic and the 31%% Symposium oN CoMPUTER GEOMETRY SCG “2022 in
Slovakia.

About 45 conference participants from 5 countries — Czech Republic, Slo-
vakia, Austria, Hungary and Spain, enjoyed the rich conference progra-
mme from various disciplines of geometry and graphics. In addition to 29
contributed talks (most of which are presented in the form of an article
in these proceedings) from applied and pure geometry, graphics and edu-
cation of geometry, participants enjoyed four interesting invited plenary
lectures on various topics.

JOSEF MIKES from Palacky University in Olomouc (Czechia) gave a pre-
sentation on The 190th anniversary of Janos Bolyai in Olomouc and non-
FEuclidean geometry. As the title suggests, the lecture recalled Janos Bo-
lyai’s stay in Olomouc in 1832-1833. Invited lecture Problems of Global
Variational Geometry presented by JAN BRAJERCIK from University of
Presov (Slovakia) was devoted to studying extremals of integral variatio-
nal functionals for sections of fibered manifolds, corresponding differential
equations, and objects invariant under transformations of underlying ge-
ometric structures. MICHAEL BARTON from Basque Center for Applied
Mathematics in Spain presented lecture entitled 5-axis flank CNC machi-
ning of free-form surfaces using custom-shaped tools about recent advances
in rationalization of free-form surfaces in the context of 5-axis flank CNC
machining. In particular, he discussed initialization strategies for flank
milling of free-form surface using curved tools and on an example of spi-
ral bevel gears he demonstrated a more efficient variant of flank machining
called double-flank. Invited speaker ZOLTAN KOVAcCS from the Johannes
Kepler University Linz, Austria, showed in his talk recent improvements
in the well-known dynamic geometry software tool GeoGebra. The presen-
tation explained how stepwise discovery mode could be helpful in teaching
planar geometry at secondary level, or in the researcher’s work. This ple-
nary lecture was simultaneously the opening of the GeoGebra Workshop,
which is a traditional part of the conference.
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The conference participants enjoyed the sights of the historical city of
Olomouc, whose well-preserved old town is one of the most beautiful in
the Czech Republic and a UNESCO World Heritage Site. Additional so-
cial programme included the tour to the nearby classicist chateau Cechy
pod Kositem, a place closely connected with a famous Czech painter Josef
Manes who regularly visited it and worked here from 1849 to 1870. The
participants also greatly enjoyed a visit to the magical museum of histo-
rical coaches in the same town. The conference dinner was held in Fort
Science (Olomouc), the architecturally exceptional building that served
as an artillery depot in the 19" century and nowadays functioning as the
progressive Palacky University interactive science centre.

We would like to invite you to attend the next joint event of the 32°d
SYMPOSIUM ON COMPUTER GEOMETRY SCG 2023 and the 43" Con-
FERENCE ON GEOMETRY AND GRAPHICS that will be held again toge-
ther by representatives of both societies for geometry and graphics as the
9™ Slovak—Czech Conference on Geometry and Graphics in September
2023, in the historic Central Slovakian town Kremnica, with a thousand-
year tradition of gold mining and a seven-hundred-year-old functional
mint.

Let us keep the good tradition of our common meetings deeply rooted in
the history.

October 25, 2022

Miroslav Lavicka Daniela Velichova
chair of CSGG chair of SSGG
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5-axis flank CNC machining of free-form
surfaces using custom-shaped tools

Michael Barton

Basque Center for Applied Mathematics (BCAM)
Alameda de Mazarredo 14, 48009 Bilbao, Basque Country, Spain

Ikerbasque — Basque Foundation for Sciences
Maria Diaz de Haro 3, 48013 Bilbao, Basque Country, Spain

email: mbarton@bcamath.org

Abstract. Computer numerically controlled (CNC) machining is the
leading subtractive manufacturing technology and even though it is in
use since decades, it is far from being fully solved and still offers a rich
source of challenging problems in geometric computing and motion
planning. While geometric modeling of free-form surfaces is a relatively
easy task for a moderately experienced modeler, manufacturing (aka
rationalization) and the related problems such as optimal tool selection
and its motion planning are very difficult due to very complex nature of
a general free-form surface. This paper discusses some recent advances
in rationalization of free-form surfaces in the context of 5-axis flank
CNC machining. In particular, initialization strategies for flank milling
of free-form surface using curved tools are discussed [1, 2], and on an
example of spiral bevel gears is demonstrated a more efficient variant
of flank machining called double-flank [3, 4].

Keywords: 5-axis CNC machining, custom-shaped tool, finishing
operations, tangential movability, free-form shape manufacturing, tool
path-planning

1 Introduction

Highly-accurate manufacturing of general free-form surfaces is a funda-
mental part of production pipelines in many industrial sectors, automotive
or aeronautical to name a few. Components like turbine blades, rotors,
impellers, or gears are smooth, yet curvature-varying objects and their
efficient manufacturing introduces several challenging problems in geo-
metric modeling and computing because the very complex shape of these
objects prevents them to be manufactured using simple straight cutting
tools [6].

5-axis Computer Numerically Controlled (CNC) machining is the lead-
ing subtractive technology where the milling tool, navigated by a path-
planning software, moves in 3D space and removes extra material from
a material block. Even though additive technologies like 3D printing are
becoming more and more popular [5], there are workpieces that, e.g. for
stiffness reasons, have to be manufactured from a single material block
using traditional subtractive methodologies.

The presented research belongs to the category of 5-axis flank milling
where the tool touches tangentially the designed surface ®, theoretically at
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infinitely many points. At each time instant, the tool touches its envelope
along a curve called characteristic (aka grazing curve in the engineer-
ing literature) which shall approximate ¢ within fine machining accuracy.
However, this curve, changes its shape over time depending on the instan-
taneous motion, which makes the problem difficult. For milling tools with
linear profiles (conical or cylindrical), the characteristic can be, for some
special motions, a straight line (lying on the cone or cylinder), however,
for a general instantaneous motion, it is not a straight line anymore, but
an algebraic curve of degree four, the intersection of the cone (cylinder)
with its derivative w.r.t. time [13].

1.1 Related Work

Since the inception of computer-aided design in the late 60’s, geometric
modeling of 3- and 5-axis CNC machining processes has become a vivid
research area and has attracted attention of many researchers in the past
several decades [6, 7, 8, 9, 10, 11, 32, 33].

The tool can be a general surface of revolution [6, 14, 15], but tradi-
tionally the tools for flank milling are conical or cylindrical [16, 17, 18,
19, 20, 10, 8]. Rigid body motions of a cylindrical tool are studied in [20].
The motion of the cutting tool is controlled via two rail curves and the
characteristic is approximated in each time instant. In the case of cylin-
drical tools, a lot of research has been devoted to approximation of offset
surfaces by ruled surfaces, the offsetting distance being the radius of the
cylindrical tool [16, 21, 22]. This simplification applies only to cylinders,
but already for conical tools such an approach is not feasible and one
has to look for 3D directions for which the point-surface distance changes
linearly to find good positions of a conical tool [19].

Flank milling using conical and barrel tools is studied in [6]. Flank-
millable surfaces, i.e., exact envelopes of rigid tools, are approximated
by NURBS surfaces. Recently, multipass flank milling method has been
introduced [23]. A free-form surface is partitioned using a tangent vector
field that gives good directions for a given conical tool to move. Other
relevant works on 5-axis flank milling can be found in the survey paper
[24].

There are other physical entities that affect the quality of the machin-
ing process, e.g. the cutting speed and cutting force. As the cutting speed
is correlated with the tool vibration, there is a broad literature that studies
how to set the feedrate to minimize the machining error and to optimize
the surface finish [25, 26, 27]. A trade-off between geometric accuracy and
surface smoothness is discussed in [28]. An approach that updates milling
paths to compensate the error caused by the tool deflections is presented
in [29]. For other physical issues related to 5-axis machining, we refer the
reader to [30].
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2 Flank CNC machining with custom-shaped tools

Traditionally, curved surfaces such as blisk or impellers are machined with
tools that are conical, however, one can achieve higher approximation
quality when using curved tools. With new technologies at hand, such as
3D printing, it is feasible can manufacture curved tools for a reasonable
cost.

Fig. 1: A curved tool for 5-axis flank CNC machining.

2.1 Initialization strategies for curved tools [1]

Curved tools exist on the market already, see Fig. 2. There are several
manufacturers that can provide such tools, however, there is very little
knowledge about path-planning of curved tools, and commercial software
typically does not have modules to support flank milling using these tools.

A step towards flank milling with curved tools has been done in [1].
Given a free-form surface and a curved tool as an input, one can look
at directions v, in which the distance function d to the surface behaves
equally, up to second order, as a radial function r that describes the shape
of the tool. This second order distance matching is expressed as

Vyd = 7'(s)

Vy(Vyd) = V2d = 1'(s), (1)
which, after incorporating the approximation of the distance function and
applying an assumption that ||v]| = 1 leads to

v3 + v3 = 1-1'(s)?
v? 3 (2)

= G,

r5)—pr | (5 — o
where v; and v are the first two coordinates of v and —p; o are the
principal curvature radii of the reference surface ® at the contact point
between the tool and ®.

More details on the actual path-planning algorithm as well as the
results can be found in [1].
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2.2 Curve-guided 5-axis CNC flank milling of free-form surfaces
using custom-shaped tools [2]

The second project discussed in the lecture was on a path-planning al-
gorithm that considers the shape of the tool as a variable [2]. Given a
free-form reference surface and a guiding path that roughly indicates the
motion of the milling tool, tangential movability of quadruplets of spheres
centered along a straight line is analyzed to indicate possible shapes and
their motions. This results in G' Hermite data in the space of rigid body
motions that are interpolated and further optimized, both in terms of the
motion and the shape of the milling tool itself.

A quadruplet on non-congruent spheres centered along a line (the
tool’s axis) is show in Fig. 2. At each time instant, one needs to compute
the instantaneous vector field that moves the line. This is encoded in two
vectors v,, Vp, associated at the endpoints of the axis. The axis, however,
is a rigid line, so these two vectors have to satisfy a constraint

(b—a,v,) =(b—a,vp). (3)

which is known as the projection rule, see Fig. 2.

W

| =

3

Fig. 2: Tangential movability. Four spheres (transparent) centered along
a line ab are required to move tangentially along a free-form surface ®.

Except the tangentiality to @, there are other objectives on the mo-
tion namely that the instantaneous motion moves the line in a direction
(almost) perpendicular to the direction b —a and/or that the end velocity
vectors v, and vy, point a similar direction to prevent a “back-and-forth”
motion of the tool, see Section 3.1 in [2] for more details.

To incorporate the projection rule (3) directly into our formulation, we

2

s : : _ (1 3,1 ,2 .3
eliminate one variable from the six-tuple (va, vp) = (v,, v3, V5, vy, Vi, U ).
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Due to the linearity, one controls the instantaneous motion using 5 pa-
rameters h := (hy, ho, hs, ha, hs). The other constraints are also linear
and the therefore the search for the instantaneous motion leads to

which is a generalized eignevalue problem and the solution is provided
by the eigenvector h; of AT A corresponding to the smallest eigenvalue
A1, and this value is also the actual error. The solution determines the
instantaneous motion up to a scaling factor, see [2] for more details and
also for the results of the path-planning algorithm based on the above-
described tangential movability analysis.

2.3 5-axis double-flank CNC machining of spiral bevel gears via
custom-shaped milling tools [3, 4]

Finally, in the last part of the lecture a new variant of flank CNC ma-
chining, called double-flank, was discussed. It was shown that for some
specific geometries, demonstrated on the test case on spiral bevel gears,
one can aim at tangential contact on both sides of the reference surface,
yielding in a more efficient variant of traditional flank machining.

Similarly to [2], one has to consider the shape of the tool as a vari-
able. The initial trajectory of the milling tool is estimated by fitting a
ruled surface to the self-bisector of the two reference flanks. The shape of
the tool and its motion then both undego global optimization that seeks
high approximation quality between the input free-form surface and its
envelope approximation, fairness of the motion and the tool, and prevents
overcutting.

The modeling part of the algorithm can be found in [3], while the
physical experiments using a metalic abrasive tool have been presented
in [4]. The illustration in Fig. 3 shows a 3D printed prototype and the
final metal workpiece, where the custom-shaped tool was used in the semi-
finishing stage [4].

3 Conclusion

Three recent advances on 5-axis flank CNC machining of free-form sur-
faces have been discussed. It was demonstrated on benchmark industrial
free-form geometries that using curved tools, either given or specifically
designed, offers better approximation quality than using the traditional
straight (conical or cylindrical) tools.
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Fig.

3: Double-flank CNC machining of spiral bevel gears. Left: a 3D

printed prototype is used to validate the double-flank property [3]. Right:
A final gear geometry manufactured with an abrasive metalic tool [4].
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Problems of Global Variational Geometry
Jan Brajercik
University of Presov

17. novembra 1, Presov, Slovak Republic
email: jan.brajercik@unipo.sk

Abstract. We introduce the global variational geometry as a modern
mathematical discipline integrating the knowledge of many areas
of mathematics. It generalizes classical calculus of variations, and
its subject is a geometric structure consisting of a smooth manifold
endowed with a differential form. In this contribution, basic concepts
of the global variational geometry are characterized. We also discuss
some problems solved by methods of the global variational geometry.

Keywords: Global variational geometry, calculus of variations, fibered
manifold, jet, Lagrangian, Euler-Lagrange equations.

1 Introduction

The global variational geometry is a branch of mathematics, devoted to ex-
tremal problems on the frontiers of differential geometry, topology, global
analysis, algebra, the calculus of variations, and mathematical physics.
It generalizes classical calculus of variations, where underlying Euclidean
spaces are replaced by smooth manifolds and fibered spaces, and Lagrange
functions are replaced by Lagrange differential forms. The subject of
global variational geometry is to study extremals of integral variational
functionals for sections of fibered manifolds, corresponding differential
equations, and objects invariant under transformations of underlying ge-
ometric structures.

Basic geometric ideas allowing us to to globalize the classical calculus
of variations come from the concepts of E. Cartan [2] in the calculus of
variations of simple integrals, and especially from the work of Lepage [12].
Main contributors to the global theory since its formation are Dedecker [3]
(geometric approach to the calculus of variations), Garcia [5] (Poincare-
Cartan form, invariant geometric operations), Goldschmidt and Sternberg
[7] (Cartan form, Hamilton theory) Krupka [10] (Lepage forms, higher
order variational functionals), and Trautman [13] (invariance of Lagrange
systems). For more comprehensive exposition of the global variational
geometry we refer to Krupka [9].

In Section 2 we briefly recall basic concepts of the classical of the
calculus of variations, illustrated by several simple variational problems
and their solutions. Section 3 is devoted to description of topological,
smooth and fibered manifolds. In Section 4 we introduce a concept of
a jet applied to the construction of jet prolongations of fibered manifold
as basic underlying structures of the global variational geometry. The
structure of the integral variational functional is characterized in Section
5, including concepts of a Lagrangian, and the Euler-Lagrange equations.
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2 Calculus of variations

Crucial role in the calculus of variations is played by variable quantities
called functionals. By a functional we mean a correspondence which as-
signs a definite (real) number to each function (or curve) belonging to
some class. Calculus of variations concerns with finding maxima and
minima of functionals.

We now mention some typical examples of variational problems, i.e.,
problems involving the determination of extremal values of functionals.

1. Find the shortest plane curve joining two points A and B, i.e., find
the curve y = y(x) for which the functional

[ VTP

achieves its minimum. The curve in question turn out to be the straight
line segment joining A and B.

2. Among all curves joining two fixed points A = (x4,ya) and B =
(zB,yB), find the curve such that the particle takes the least time to go
from A to B under the influence of gravity. We are searching the curve
y = y(x) for which the time functional

B *B (s
[ [
A T A v
achieves its minimum. For simplicity let us assume that the original point
A conicides with the origin of coordinates. Since

=1+ (y)%dz, v=+/2gy,

then the transit time 7" is given by

e

The curve in question is called the brachistochrone. It turns out to be a
part of cycloid, lying in the vertical plane and passing through A and B.
It is given by the equations in parameter form

x=r(0—sinb), y=r(l—cosh),

where r is determined by initial coonditions. The brachistochrone problem
was posed by Johann Bernoulli in 1696, and played an important role in
the development of the calculus of variations. The problem was solved,
except Johann Bernoulli, by Jacob Bernoulli, Newton and L’Hospital.
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3. Among all the curves joining two given points A and B, find the
curve which generates the surface of minimum area when rotated about the
x-axis. As it is well known, the area of the surface of revolution generated
by rotating the curve y = y(x) about the x-axis is

B
271'/ yV 1+ (y)%de.
A

The required curve is a catenary passing through A and B, expressed by

x4+ Ch
= h
y = C cos o

for the constants C, C; corresponding to the initial conditions represented
by position of A and B (under some position of A and B, the solution
may degenerate; for more details see Gelfand and Fomin [6]). The surface
generated by rotation of the catenary is called a catenoid. The problem is
also known as the surface of a minimum area, and was solved by Leibniz,
Huygens and Johann Bernoulli in 1691.

All of the above problems involve integrals which can be written in
the form

b
/ L(z,y,y')dz,

where L: V — R, V C R x R x R, is called the Lagrange function (or
Lagrangian). The Lagrange function L defines on the set of all admissible
mappings y = v(z) the action function of the Lagrangian L on the interval
[a, b] by

b
5:7'—>/ (Lox)(x)dz € R. (1)

A mapping « for which the functional S gives maximum or minimum is
called an extremal of S. An extremal of (1) is given as a solution of the
FEuler-Lagrange equation

(5 - &a) =0 2

As an example, let us consider the Lagrange function L : R® — R,
given by

. 1.
L(t,q,9) = 5mg* — mgq, (3)
for some positive constants m, g. The corresponding Euler-Lagrange equa-
tion is § = —g, and its solution is expressed as

1
q(t) = —59t" + et + e (4)
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for the constants ¢y, ¢y given by initial conditions. Lagrangian L (3) rep-
resents the difference of kinetic and potential energies of a particle of a
mass m in the gravitational field with the acceleration due to gravity g.
The solution (4) represents a free fall of a particle in the gravitational
field.

More generally, if we consider a mechanical system with the kinetic
energy T and the potential energy V', then extremal of the variational
functional defined by Lagrangian L = T — V determines the motion of a
mechanical system.

3 Manifolds

This section is devoted to present one of the basic underlying structure of
the global variational geometry, a fibered manifold. First, we describe the
concepts of a topological and a smooth manifolds.
Let X be a topological space. We say that X is a topological manifold
of dimension n if it has the following properties:
e X is a Hausdorff space, i.e., each two points of X can be separated
by open sets on X,

e X is second countable, i.e., the topology of X has a countable basis,

o X is locally Euclidean of dimension n, i.e., to each x € X there exist
neighborhood U of z, and a homeomorphism ¢ : U — U from U to
U=plU)CR".

A trivial example of a topological manifold of dimension n is R™ with
standard topology of open balls. A set S* = {(z,y) € R?* | 22 +¢*> =1}
considered with the topology induced by standard topology on R? is a
non-trivial example of a topological manifold of dimension 1.

Let X be a topological n-manifold. A coordinate chart on X is a pair
(U, ), where U is an open subset of X and ¢ : U — U is a homeo-
morphism from U to U = ¢(U) € R™. Directly from the definition of a
topological manifold we have that to each point there is some coordinate
chart. So, a topological manifold can be covered by charts allowing us to
describe somehow a manifold. For example, as a coordinate chart for any
x € R™ we can take global coordinate chart (R™,idg~). In generally, on
a topological manifold there is not the global coordinate chart.

To ensure smooth transition from one coordinate chart to another we
define the notion of smoothness of a function. If U and V are open subsets
of Euclidean spaces R™ and R™, respectively, a function F' : U — V
is said to be smooth if each of its component functions has continuous
partial derivatives of all orders. If in addition F' is bijective and has a
smooth inverse map, it is called a diffeomorphism. Of course, F is a
diffeomorphism implies n = m.
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Let X be a topological n-manifold. Two charts (U, ), (V,4) are
said to be smoothly compatible if either U NV = (), or the composition
o lipUNV)—y(UNV)is a diffeomorphism.

In analogy with an effort to describe the Earth surface through partic-
ular charts we define a notion of an atlas. A smooth atlas for a topological
manifold X is a collection of smoothly compatible charts whose domains
cover X. To the given atlas on X we can add smoothly compatible charts
until we obtain a maximal smooth atlas on X. Then a smooth (or dif-
ferentiable, or C*°) structure on a topological n-manifold X is a maximal
smooth atlas on X. A smooth manifold is a pair (X,.A), where X is a
topological manifold and A is a smooth structure on X.

In generally, on a X we can choose more smooth atlases representing
the same smooth structure. For example, on S' we have the smooth atlas
consisting of two charts determined by stereographic projections on the
corresponding sets, or we can take the smooth atlas consisting of four
charts with half circles as sets, and projections along coordinate axes of
R? as homeomorphisms to (—1,1) C R.

There are examples of topological spaces allowing to define more non-
compatible smooth structures, even in R considered with standard topol-
ogy. On the other hand, there are topological spaces which do not admit
a smooth structure (see, e.g. [11]).

Now we extend the definition of a smooth mapping between open
subsets of Euclidean spaces to definition of a smooth function on a smooth
manifold, and smooth mapping between two smooth manifolds. If X is a
smooth manifold, a function f : X — R is said to be smooth if for every
x € X there exists a chart (U, ), on X, such that z € U, and fop~!is
smooth. Let X,Y be smooth manifolds, and let F': X — Y be any map.
We say that F'is smooth map if for every x € X there exist a chart (U, ¢)
containing x and a chart (V) containing F(z) such that F(U) C V and
the composition ¢ o F o p=!: p(U) — (V) is smooth.

By a fibered manifold structure on a smooth manifold ¥ we mean a
smooth manifold X with a smooth surjective submersion 7 : ¥ — X. A
manifold Y endowed with a fibered manifold structure is called a (smooth)
fibered manifold. X is the base, and 7 is the projection of the fibered
manifold Y. The set 7~ !(z) is called the fiber over x.

Trivial example of a fibered manifold is 71 : R x R™ — R, and more
generally, also each manifold Y in the form of Cartesian product of a base
manifold X and other smooth manifold is a fibered manifold. On the other
hand, non-trivial examples are mp : M — S, where M is the Mébius strip
(Fig. 1), and 73 : S3 — S2%, also called the Hopf fibration, where S™
denotes n-dimensional sphere (a generalization of S!; see Section 3). For
a visualization of the Hopf fibration see, e.g., Zamboj [14].
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Fig. 1: Mobius strip

Let # : Y — X be a fibered manifold, let us denote dim X = n,
dimY = n 4+ m. Directly from the definition of a fibered manifold we
have that to each point y € Y there exists a chart (V,v), ¥ = (u?,y?), at
y, where 1 <i<n, 1< o0 <m, with the following properties:

(a) There exists a chart (U, ¢), ¢ = (2%), at * = 7(y), where 1 <i < n,
in which the projection 7 is expressed by the equation z’ o m = u?,

(b) U ==(V).

The chart (V) with these properties is called a fibered chart on Y.
The chart (U, ) is defined uniquely and is said to be associated with
(V, ). We usually write (V, 1)), ¥ = (z%,97), i.e., z° instead of u’.

A section of a fibered manifold 7 : Y — X is a mapping v : U — Y,
where U C X is an open set, such that m oy = idy. In a fibered chart
(Vo), b = (2*,97), on Y,

oy =2a' y oy=f(a").

To illustrate a fibered manifold, the example 71 : Rx R™ = R forn =1
is often used (Fig. 2).

%
X,

;(}_ x'y°)
oot |
X —s o

Fig. 2: Fibered manifold and its section

4 Jets

Our aim in this section is to introduce the concept of jet prolongation of
a fibered manifold. To this purpose we first describe the concept of a jet
of a mapping.
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First, consider the following example. Let f : R — R be a mapping
defined by f(x) = sinx, and let o = 5. Then the ordered quadruple of
real numbers

(20, f(x0), Df (o), D* f (o))

is called the 2-jet of the mapping f at xp, and is denoted Jzzof. Thus,
Jgof = (5,1,0,—1). We are able to find other mapping g : R — R such
that Jgof = Jfog. It is sufficient to take a part of the Taylor series with
the corresponding coefficients, e.g., g(z) =1 — $(z — §)%

Let 7 : Y — X be a fibered manifold, let y € Y be a point, z = 7 (y).
Let r be positive integer. Denote I'; , the set of all C" sections v of ¥’
defined in z such that y(z) = y. Let us consider the binary relation ~ on
Iyt M1 ~ 72 if and only if there exist a fibered chart (V,v), ¢ = (xt,y7),

on Y such that

D, Di, ... D, (y" v~ )(@(x)) = Diy Dy, ... D, (y7 720 ") (0())

forallk=1,2,...,r, andall 1<i; <iy<...<i,<n.

The relation ~ is an equivalence relation on I'; . independent of the
choice of a fibered chart. Equivalence classes of ~ whose representative
is v € I'; , is called r-jet of v with source at = and target at y, and is
denoted J7 7.

J"Y denotes the set of all r-jets with source in x and target in Y.
Fibered manifold structure on Y induces the smooth structure on J"Y,
and 1" : J"Y — X is a fibered manifold. J"Y with this structure is called
the r-jet prolongation of Y.

If « is a smooth section of Y, then the smooth mapping
Jy iz Jy(x) = Joy
is called the r-jet prolongation of v (a section of 7" : J'Y — X).

5 Variational structures on fibered manifolds
A concept to replace the Lagrange function in the functional (1) is a
differential form. Let X be an n-dimensional smooth manifold, and 7, X
denote the tangent space of X at € X. Consider a vector space A*T, X
of k-forms, i.e., tensors of type (0, k), at the vector space T, X, and denote
by
MTX = ] AT X
zeX
the bundle of k-forms on X. A differential k-form on U C X is a smooth
mapping
n:U — A*TX.
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A Lagrangian (of order r) for a fibered manifold 7 : ¥ — X, dim X =
n, is a w"-horizontal n-form on the open subset of J"Y. The requirement
of horizontality with respect to the projection 7" : J*Y — X means that
in a fibered chart (V,v), ¥ = (z*,4°), on Y,

A= Luwy, wo=dz*ANdz®>A...Ndz",

where L is the Lagrange function associated with (V). By a variational
structure we mean a pair (Y, ), where Y is a fibered manifold over an
n-dimensional manifold X with projection m and A is a Lagrangian for Y.

Suppose we have a variational structure (Y, A). Let Q be a compact
n-dimensional submanifold of X with boundary (a piece of X). Denote
by T'q(w) the set of smooth sections of 7 over Q. We get a function
Ta(m) 3 v~ Aa(y) € R, defined by

)\Q('Y):/QJT"}/*)\.

Aq is called the variational functional, associated with (Y, \) (over Q).

One of the tasks of the global variational geometry is to study extremal
values, extremals, of given variational functional. A section v:U — J"Y
of a fibered manifold Y is an extremal of the variational functional defined
by Lagrangian A over Q if and only if for every fibered chart (V,v), ¢ =
(x%,97), such that 7(V) = U, v satisfies the system of partial differential
equations

Ey(L)oJ*y=0, 1<o<m. (5)

Equations (5) are called the Euler-Lagrange equations. The functions
E, (L) are the Euler-Lagrange expressions. E,(L) are the components of
the Fuler-Lagrange form E) associated with Lagrangian X\; F) is (n+ 1)-
form of order 2r.

For example, if we consider a variational problem defined by first-order
Lagrangian

A=Luwy, L=L("y",y])

the Euler-Lagrange equations are in the form

Y R A W
(ay" T owioyy  oyroy” T Dylour yJ) oSr=0 0

where 1 < ¢ < m, and m is the dimension of each fiber of Y. Taking
n = m = 1, the equation (6) corresponds with (2).
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6 Selected problems

In this Section we mention some problems where methods and concepts
of the global variational geometry are applied. First of them is a complete
characteristic of extremals of the Hilbert variational functional. Formu-
lated by Hilbert (1915) in [8], it is a variational functional for metric fields
on a general n-dimensional manifold X. For n = 4, its Euler-Lagrange
equations are the Einstein vacuum equations in the general relativity the-
ory.

Let X be an n-dimensional smooth manifold, 79 X the vector bundle
of tensors of type (0,2) over X. Consider Met X as an open subset of
TOX of symmetric, regular bilinear forms on T,X, x € X. Sections of
7 : Met X — X are metric fields on X. Integral variational functionals
for the metric fields are defined by n-forms on J"Met X.

Any chart (U, ¢), ¢ = ('), on X, induces a chart (V, ), 1 = (2%, gi;),
on Met X, where V = 771(U), and g;; are the functions on V defined by

g=gyda' ®dz?, g;j =gj, det(gy;)#0.

The functions

dxd  Ox'  Ox!
where g*! are elements of the inverse matrix of the matrix g;;, are called
Christoffel symbols. The expressions

! l
ory, ory
oxt  Oxk

R = + Fikrﬁn - Fgcm Zla R = gikRika

define the Ricci tensor with components R;y, and a function R : J>Met X —

R, called the scalar curvature, respectively. The Hilbert Lagrangian is
given by the formula

/\ = R |det(gij)\ *Wwo,
and the variational functional

To(7) 5 g Aalg) = / J2g°) € R,
Q

is the Hilbert variational functional for the metric fields on X. The cor-
responding Fuler-Lagrange equations are Finstein vacuum equations

1
(Rij - 2Rgij) o J29 =0. (7)
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The well known solution of (7) is the Schwarzschild metric (1916), in
spherical coordinates (t,7,¢,9), on R x R*\{(0,0,0)} given by

~1
g=- (1 - C) dt@dt+ (1 - C) dr@dr+1r?(sin? 9dp @ de+di @ dd).
r r

A complete characteristic of the solutions of (7), independent of a metric
signature, a choice of a base manifold X of the given variational problem,
and searching for solutions of generalized versions of the equations (7)
belong among open questions in general relativity theory.

Other famous problem of the global variational geometry is the inverse
problem of calculus of the variations. Roughly speaking, it consists in
finding conditions under which there exists a Lagrangian whose Euler-
Lagrange equations coincide with a given system of differential equations.
If such conditions are satisfied, then the problem is to find all Lagrangians
for the system of equations.

Consider a system of m ordinary second-order differential equations in
an implicit form,

Ei(xja‘,tjvi'j):()v iaj:1327"'ama
for m functions of one real variable ¢ ~ 27(¢). We say that a system

of functions e = {g;(27,47,47)} is variational if there exists a function
L = L(x?,47) such that

oL _doL ..,

€= — — ———, =1,2,...
YT oxt dt Ot

,m.
The following two conditions are equivalent.
(a) The system ¢ = {g;(2?,47,#7)} is variational.
(b) The functions ¢; satisfy

Og; B oer 0
ozt ozt
Os;  Og d [(0s; Og B
o " ow @t (a;'tl * a:w‘) =0 ®
(“)si_@_}i 8@_36; 0
oxt Ozt 2dt \ox! Ot '

The system (8) is called the Helmholtz conditions (Helmholtz, 1887). If
this system is satisfied then for a Lagrangian in question we can take the
Vainberg-Tonti Lagrangian (see, e.g., [15]).
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Fig. 3: Inverted pendulum on a cart

The theory is applicable in many variational problems. As an example
we can introduce well known mechanical system, the inverted pendulum
on a cart (IPC) (Fig. 3). The system consists of a pendulum of length
[ and a bob mass mo. The pendulum is attached to the top of a cart of
mass m;. The configuration manifold of the system is Q = R x S', with
coordinates x denoting the position of the cart, and ¢ denoting the angle
of the pendulum with the upright vertical.

The Lagrange function for the system moving on horizontal z-axis is

1 1
L= 5(ml + mz)j?z + mol cos pip + §m212<p2 — magl cos p.

The Euler-Lagrange equations for the free motion of IPC are given by
mal@p? sinp — (my + ma)i — malgcosp = 0,
mal(gsing —icosp —1p) = 0.
Of course, without any external intervention, the pendulum falls down.
Our aim is to control the system stabilizing the pendulum in upright

position through the variational forces. In generally, we search for ¢1, ¢2,
depending on z, ¢, &, ¢, such that the system

mal@? sing — (my +ma)i — malpcosp = ¢,
mal(gsing —Zcosp —1p) = @9

is variational, and stabilizes the pendulum in upright position. Some
results of the problem can be found, e.g., in [1], and [4]. The study of
possible variational forces to stabilize the system is an object of current
research.
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Abstract. We describe an enhancement to GeoGebra, a well-known
dynamic geometry software tool that calculates the significant geo-
metric properties of a planar construction. In a previous experimental
version of GeoGebra, “GeoGebra Discovery,” the Discover command
determined geometric properties such as parallelism or perpendicularity
of lines, equality of segment lengths, and collinearity or concyclicity of
points. This work introduces a further improvement of the Discover
command, the “stepwise discovery” mode, which supports real time,
dynamic identification of true statements and geometric properties as
each new point is added to the construction. Our contribution explains
how the stepwise discovery mode can be helpful in teaching planar
geometry at the secondary level or in the researcher’s work.

Keywords: GeoGebra, discovery, automated reasoning, plane geometry.

1 Introduction

Proving plane geometry theorems mechanically has roots in algebraic ge-
ometry and logic. For example, Chou [1] proved 512 theorems in the
plane geometry mechanically through algebraic means, i.e., by using co-
ordinates and systems of equations. Chou used two different approaches
in manipulating these equation systems: the Wu-Ritt characteristic sets
(a reasonably fast approach), and elimination via Grbner bases (somewhat
slower but more complete).

Algebraic methods, however, cannot handle certain situations, such
restricting points on segments or half-planes, so a more complete study
of plane geometry problems usually requires additional methods like real
geometry, via cylindrical algebraic decomposition or regular chains, or
synthetic methods via axioms, with both methods being complete but
computationally intensive.

In this work we focus on the presentation of mechanically proven re-
sults. This can be helpful in classroom use and also for some research
questions. Given a planar geometry figure, the GeoGebra program deter-
mines and reports salient patterns, properties, and theorems. Our work
extends GeoGebra’s Automated Reasoning Toolset by introducing step-
wise discovery which detects these patterns dynamically, in real time, for
a GeoGebra user.
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Fig. 1: Available tools and commands in GeoGebra and GeoGebra Dis-

covery

2 GeoGebra Automated Reasoning Tools

GeoGebra comes with a set of automated tools (Figure 1) to symbolically
check and discover geometric properties of a given planar construction:

The ProveDetails command uses Grobner bases to prove or dis-
prove its input statement and determine any non-degeneracy condi-
tions if they exist for the given input.

The Prove command returns a yes/no answer if its input statement
is true or false, based on the background analysis provided by the
ProveDetails command.

The Relation tool and command decides if two or more selected
objects has a certain property, based on the background analysis
from the ProveDetails command.

The LocusEquation command and tool finds geometric loci for the
given input.

The Envelope command and tool determines the envelope equation
of the input parameters.

The Discover command and tool systematically detects all possible
patterns of a given input point after an automated background anal-
ysis, based on the Prove command. The results are communicated
both graphically and in list form.
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~ Graphics

Fig. 2: Toolbar in the Graphics View in GeoGebra Discovery version 5

Information X

‘@‘ The stepwise discovery mode is enabled.

Fig. 3: Stepwise discovery is enabled in GeoGebra Discovery version 5

o Automated Geometer, a web based application discovers relevant
patterns for the entire figure. Based on GeoGebra’s JavaScript
API, it performs the background analysis via the ProveDetails
command and a programmatic JavaScript connection.

While some of these features are available only in an experimental

version of GeoGebra, GeoGebra Discovery, our contribution adds a new
tool: the stepwise discovery mode in GeoGebra Discovery [2].

3 Stepwise discovery

The stepwise discovery mode can be enabled either in the Graphics
View Toolbar (Fig. 2), or with the command StepwiseDiscovery with
a Boolean parameter that switches this mode on or off. Once enabled, a
popup window informs the user of the change (in version 5, see Figure 3)
or the Toolbar icon gets a blue frame (in version 6).

At that point, the stepwise discovery mode starts the Discover com-
mand [3] automatically for each newly added point. The software displays
all of its relevant calculations graphically and in real time. The list of re-
sults in text format is not shown to avoid an overly cluttered output.

3.1 An example

We now demonstrate stepwise discovery with the Euler line of a trian-
gle: In each non-degenerate, non-reqular triangle the circumcenter, the
orthocenter and the barycenter are collinear.
1. In Figure 4 an arbitrary non-degenerate triangle is drawn. (It is
important to draw a non-regular triangle to make sure that the
three investigated points do not coincide.)

2. In Figure 5 we create the midpoint D of segment a. The program
determines that the midpoint designates two congruent segments, f
and g, which are colored green.
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Fig. 4: An arbitrary triangle ABC' is drawn

Fig. 5: First step of discovery by designating midpoint D of a
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Fig. 6: Second step of discovery by designating the midpoint E of b

Fig. 7: Third step of discovery by designating the midpoint F' of ¢

3. Two discoveries are found with the midpoint E of b. First, the
midpoint creates two congruent segments, as occurred in the section
above. Also, two parallel lines are identified: AB and DE.

4. After creating the midpoint F of ¢, the software determines the
following:

o AF = BF = DE,
e AE=CE = DF,
e BD=CD = EF,
BC | EF,
AC || DF,

and the formerly identified AB || DE is also highlighted because the
newly added point F' is related to AB.

5. Now two medians AD and BD are constructed, along with their
intersection G. Here the program detects numerically and proves
symbolically that G lies on C'F, that is, the medians of a triangle
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N
1

Fig. 9: Fifth step of discovery: creating a foot point of an altitude

are concurrent (Fig. 8). The previously discovered properties do not
play a direct role related to G, so they are not highlighted at this
step.

. Next, we construct the height for side a and its intersection H with

side a (Fig. 9). New discoveries are made: lines BC, EF and AH
build a set of parallel and orthogonal lines, so they are colored uni-
formly. In addition, FH has the same length as AE, CFE and DF.
Similarly, F'H has the same length as AF, BF and DFE, so they are
colored with the same color. Also, D, E, F and H are found to be
concyclic, as illustrated by the circle on each of these points.

. In Figure 10 we show the height for side b and its intersection I

with side b. Importantly, I is identified as a circumpoint of circles
AIHB and FIHDF, the latter of which has been found to have
five remarkable points. If we continue our experiment by choosing
the third foot point (which belongs to ¢), we can find the sixth
point of the well-known 9-point circle. (Note that the figure was
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Fig. 11: Seventh step of discovery: creating the orthocenter

created after selecting all objects by using the shortcut Ctrl-A, and
then de-selecting all of them by clicking to on an empty part of the
screen.)

8. As our figure starts to be a bit complicated, we now zoom in to
view more detail before performing the next step. By intersecting
AH and BI, we obtain point J (the orthocenter), and we learn
that CJ L AB (they are shown in the same color to emphasize
their perpendicularity), and also that CIJH is a cyclic quadrangle
(Fig. 11).

9. Finally, we generate the perpendicular bisectors for a and b, and
their intersection K. The program then detects these noteworthy
properties:

e AH | DK and BI || EK (these are direct consequences of
their definition),

e AK = BK = CK (indeed, K is the circumcenter of the trian-
gle),
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Fig. 12: Eigth step of discovery: identifying the Euler line

e circles AEF, BDF and CDE include K (this is quite clear
because all of them are Thales circles of the diameters AK,
BK and CK),

e (G, J and K are collinear.

This final item clearly expresses the existence of the Euler line.

4 Conclusion

We have shown an introductory example of stepwise discovery in GeoGe-
bra Discovery, available at https://github.com/kovzol/geogebra/r
eleases/tag/v5.0.641.0-2022Nov03. Other software systems like OK
Geometry (https://www.ok-geometry.com/) 19.1.1, the Java Geometry
Ezpert (https://github.com/yezhengl981/Java-Geometry-Expert)
0.80, Géométrix (http://geometrix.free.fr/site/logiciels.php)
4.3, and others also support certain features of geometric discovery. How-
ever, GeoGebra Discovery has the advantages of a straightforward graph-
ical user interface, as well as wide availability in multiple languages at no
cost at https://autgeo.online

While it is useful to discover relationships or hidden features of a
planar figure, there are several limitations in the latest public version of
GeoGebra Discovery.
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Stepwise discovery seems to be most effective in studying relation-
ships when the number of discovered objects is not too high. Above a
certain threshold, it is difficult to visually separate objects, even with
different colors and notations. In addition, detecting congruent angles
and investigating new segments, lines, or circles are not yet implemented.
Not reporting trivial properties is a difficult task because of the challenge
of objective and user-defined criteria to determine whether a feature is
trivial.

Speed remains a major issue in the web version. The web implementa-
tion is based on a WebAssembly compilation of the underlying computer
algebra system Giac, which is approximately 3 times slower than the na-
tive desktop version on the same hardware. (We used recent versions of
Google Chrome and Firefox in our benchmarks.) In addition, one should
avoid creating figures with an excessive number of points to avoid combi-
natorial explosion, as the computation of Grbner bases is computationally
intensive.

In conclusion, we have described a new enhancement of stepwise dis-
covery to GeoGebra, with real time, dynamic identification of geometric
properties with each additional user input. This stepwise discovery mode
has applications in teaching planar geometry or in research.
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Abstract. This year, we celebrate the 190™" anniversary of Jdnos
Bolyai’s presence in Olomouc. He stayed in Olomouc for a short period
(1832-1833) during his military service. His studies brought a complete
concept of non-Euclidean and hyperbolic geometry (whose origin is
also attributed to Lobachevski and Gauss) that had, and still have, an
impact on mathematics in general and various physics processes. The
generalization of his studies also leads to the development of the theory
of relativity.

Keywords: Janos Bolyai, non-Euclidean geometry, Hyperbolic geome-
try.

Kli¢ovd slova: Jéanos Bolyai, neeuklidovskd geometrie, hyperbolickd
geometrie.

1 Uvod

Jénos Bolyai (Obr. 1) byl madarsky matematik a zakladatel nauky o
neeuklidovské geometrii. Bolyai se narodil 15. prosince 1802 v Koloszvaru
(nyn{ je to Cluj-Napoca v Rumunsku) a zemfel 27. ledna 1860. Takze nyn{
je 220. vyroci jeho narozeni.

Jeho otec Farkas Bolyai (1775-1856) pochézel ze zchudlého mad’arského
rodu, narodil se na zamku Bolyai. Byl prvnim vyznamnéjsim mad arskym
matematikem, ktery ucil matematiku, fyziku a chemii na gymnazii. Jdnos
diky svému otci jiz ve tfinacti letech zvladl kalkulus a analytickou me-
chaniku. V letech 1818-1823 studoval vojenskou inzenyrskou akademii ve
Vidni. Sedmileté studium zvladdl za 4 roky. V armadé slouzil 11 let, byl
dobrym distojnikem a vyteénym tane¢nikem, nepil a nekouiil. Ovladal
9 jazyku. Zenil se v 1834 s Rozélii Orbénovou, se kterou mél dvé déti.
Rozvedli se v 1852 roce.

I kdyz se cely zivot matematikou zabyval, nestal se profesionalnim
matematikem. Jeho prace nebyly druhymi pochopeny ¢i ohodnoceny, jak
by ocekéval, a to ho uvrhovalo do mnoha psychickych problému, s kterymi

roce zemiel sim a v nouzi ve véku 57 let, jeho otec o 4 roky diive.
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Obr. 1: Janos Bolyai

2 Zivot a dilo Janose Bolyaie

Faktem je, ze jedinou publikovanou praci pii jeho zivoté je latinsky na-
psany Apendix jako ptiloha stfedoskolské ucebnice jeho otce Farkase v
roce 1832. Rozsiteny nazev této prace je Appendix scientiam spatii abso-
lute veram exhibens, tj. Pridavek predvddéjici absolutné pravdivou védu o
prostoru, viz Obr. 2.

Zde je v kompaktni formeé na 26 strankéch rozpracovana neeuklidovskd
geometrie, kterd je v soucasnosti nazyvana bud geometrii Lobacevského,
nebo hyperbolickou, tento nazev ji dal Felix Klein.

Tuto geometrii nezavisle na Janosi Bolyai také objevili némecky mate-
matik Karl Gauss a rusky matematik Nikolaj Lobacevsky. Gauss ziejmé
jako prvni, nejspiSe mnohem dfive nez Bolyai i Lobacevsky, ale jeho prace
v tomto sméru nasli az po jeho smrti — nikdy je nepublikoval. Krél mate-
matiku nechtél zustat nepochopen. V 1831 roce, kdy mu poslali Apendix
na posouzeni, napsal pfiteli: Ten mlady geometr Bolyai je genius prvni
t¥idy. Ale otci Farkasovi v8ak napsal: Ocenit to, je to samé jako ocenit
sebe. Protoze vSe co je tam napsané, je stejné s mymi vysledky poslednich
30-35 let na toto téma.

Lobagevsky se touto tématikou zabyval ve dvacatych letech 19. sto-
leti. 23. inora 1826 na védeckém seminaii v Kazanské univerzité prednesl
prednasku Strucny vyklad zdkladu geometrie s prisnygm dikazem teorémy
o paraleldch. Tento moment se poc¢ita za tfedni pocatek neeuklidovskych
geometrii. Tyto vysledky publikoval poprvé na pielomu let 1829 a 1830
v casopise Véstnik Kazanské univerzity. A pozdéji 1837 i ve Francii.
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APPENDIX

SCIENTIAM SPATI! abrolute verom exhibens:

o veritate aut falsilate Axiematis X1 Euvelider
(a priori haud ‘mnguam decidends) in-
dependentem: adjecta ad casum fal-
sitatis, quadratura circuli
geometrica.

—— —

Auelqre Jowanne poryar de eadem, Geometrarum
in Exercitu Caesareo Regio Austriaco Ca-
strensium Capilaneo

Obr. 2: Appendix

Géométrie imaginaire, J. Reine Angew. Math. 17, 295-320 (1837). Zdénliva
(imagindrni) geometrie.

Vyznam Lobacevského préce byl plné docenén az nékolik desitek let po
jeho smrti — v podstaté az tehdy, kdyz Albert Einstein pouzil zobecnéni
jeho myslenek k matematické formulaci svoji obecné teorie relativity.

Jak znamo, geometrie byla jiz ve starovéku Euklidem uspofddana do
axiomatického systému, ktery se dle Zac¢atku Euklida ucil vice nez 2000
let. S nékterymi metodickymi modifikacemi se uéi do dnes.

Protoze popisuje mnohé mechanicko-fyzikalni jevy, je nejvice pouziva-
nou geometrii vitbec. Jeji samoziejmost se proto stietavala s filosofickymi
nazory na svét, napi. Kantova teorie v 19. stol. tvrdila, ze Euklidova
geometrie je zivym tvorum vrozena. Tento paradox vznikl proto, ze bylo
Spatné pochopeno, ze Euklidova geometrie je pouze aproximaci fyzikdlnich
a zvlasté mechanickych jevi. Toto bylo explicitné vyjadreno ve 20. stol. v
pracich Alberta Einsteina.

Po dobu 2000 let se precizovala axiomatika Euklidovy geometrie. Jesté
ve starovéku Archimédes pridal novy axiom a posledni byl pfiddan koncem
19. stol. Paschem.

Celou tuto dobu byl trnem v oku tzv. 5. axiom o rovnobézkach. Ten
se dé v zjednoduseném tvaru pro Euklidovskou rovinu formulovat takto:
Bud déna pifmka a bod, ktery na ni nelezi. Pak existuje jeding pffmka
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prochézejici timto bodem, se kterou nemd spoleény bod (rovnobézka).
Tento axiom se zdal byt dusledkem ostatnich axiomt. O dikaz tohoto
faktu se pokouseli mnozi matematikové (mnohdy se jim to bohuzel poda-
filo).

V 19. stoleti bylo této otédzce vénovano mnoho energie. Jiz diive mnozi
autori zameénili 5. axiomu za jeji protiklad a snazili se najit spor. Karl
Gauss, Nikolaj Lobacevsky a Janos Bolyai explicitné rozvinuli geometric-
kou teorii, ve které v Euklidové axiomatice zaménili axiom o rovnobézkach
takto: Existuji aspon dvé rovnobézky k dané ptimce. Tato geometrie méla
samoziejmé podstatné odlisnosti od Euklidovy.

V jejim studiu nejdale ziejmé dospél Lobacevsky, ktery kompletné
sestrojil trigonometrii v ramci této geometrie. Zajimavosti je napft. to,
ze trojuhelnik v Lobacevského geometrii méa soucet thli mensi nez m a
objem celého prostoru je kone¢ny, viz Obr. 3.

]

\

B

Obr. 3: Trojihelnik v Lobacevského geometrii

Pii zivoté Gausse, Lobacevského a Bolyaie se tato teorie nesetkala s
pochopenim. Lobagevsky byl anonymné (Ostrogradskym aj.) sikanovén a
posléze i uredné degradovan. Po obdrzeni posmrtné bronzové Gaussovy
medaile, mu byly vraceny vSechny pocty, kterych si ale uzil pouze dva
posledni tydny svého zivota.

Bolyai byl profesionédlni vojék. Konec jeho vojenské kariéry byl dovrsen
v Olomouci v roce 1833, kdy byl penzionovan bez dichodu. Navic se
ziejmé jeho psychicky stav natolik zhorsil, Ze byl nakonec odkézan na
penézni vypomoc svého otce.

Gaussovy vysledky v této oblasti se nasly v trezoru az po jeho smrti.
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3 Genealogie neeuklidovskych geometrii

Co spojuje tyto tfi osobnosti? Na grafu (viz Obr. 4) je zndzornéna ma-
tematicka genealogie, ze které vyplyva, ze spolecnym jmenovatelem by
mohli byt némecti matematici Kazner, Lichtenberg a Pfaff, ktery se in-
tenzivné zabyval euklidovskou axiomatikou, a také mozna nejvice Martin
Bartels.

G J. Bartels

Lichtenberg
0. von
Littrow

A
. Kastner

J. Bolyai

Obr. 4: Matematickd genealogie

Martin Bartels byl skolnim uéitelem Gausse. Spolecné pak byli aspi-
ranty Pfaffa a jejich spoluzdkem byl i Farkas Bolyai — otec Janose Bo-
lyaie. Po zakonceni téchto studii Bartels pfenechal katedru matematiky
Gottingenské univerzity talentovanéjsimu Gaussovi a sdm dostal misto v
nové zalozené Kazanské univerzité v Rusku na Volze. Tam se od roku
1808 jeho zakem stal Lobacevsky. Jeho ucitelem byl i astronom Josef von
Littrow, ktery se narodil v Cechéch, byl absolventem UK a také séfem
observatofe v Krakové, Kazani a Vidni. Byly to zfejmé bozi cesty zakla-
dateli neuklidovské geometrie. Gauss zemfiel v roce 1855, Lobacevsky pak
v roce nasledujicim a J. Bolyai v roce 1860.

Rehabilitace jejich vysledku se uskutecnila o osm let pozdéji. Italsky
matematik Eugenio Beltrami dokdazal, Zze mezi prostory s konstantni Gaus-
sovou krivosti lze vzdy ustanovit geodetické zobrazeni. Z toho mimo jiné
vyplyvalo, ze pfimky roviny se zobrazi na geodetické kiivky prostoru s
nenulovou konstatni kfivosti. Mimo jiné na sféru a pseudosféru. Z toho
vyplynulo, Ze na pseudosfére se spliuji vSechny axiomy Euklida kromé
jednoho o rovnobéznosti, tedy na pseudosfére se spliuje hyperbolicka geo-
metrie. Korektnéji pseudosféra je ¢asti Lobacevského roviny. V navaznosti
na Beltrami vytvotili Klein a Poincaré nékolik dalsich modelt hyperbo-
lické geometrie.
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V piipadé sféry se také narusuje paty axiom (viubec neexistuji rov-
nobézky) a vede k eliptické geometrii, kterou popsal Bernhard Riemann
v roce 1854. V tomto piipadé je vSak narusen jesté jeden Eukliduv axiom
(nejednozna¢nost piimky prochézejici dvéma body). Riemann tehdy zalozil
jesté obecnéjsi geometrii intenzivné vyuzivanou v moderni geometrii a te-
oretické fyzice. Je to Riemannova a pseudo-Riemannova geometrie.
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Vytvaranie animacie v Geogebre

Creating an animation in Geogebra
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Abstract. Animated videos support the visualization of objects in space and thus
help students better understand the details of constructions. Different drawings in
descriptive geometry challenge students' spatial imagination. The graphic
program Geogebra helps us to better explain individual views. The entire object
is drawn in the 3D space of the Geogebra program, where the animation itself is
defined. The video is then created and edited using other programs and inserted
into presentations.

Keywords: Video, animation, Geogebra

Klicové slova: Video, animacia, Geogebra

1 Motivacia

Vo vyuke predmetu deskriptivna geometria sa stale CastejSie stretivame
s problémom S§tudentov zobrazit’ objekt, ktory je v priestore, na rovinu alebo
naopak, objekt zobrazeny v rovine predstavit’ si v priestore. Hl'adali sme preto
spdsob ako im tento problém ulahdit. RieSenim sa ukdzal graficky program
Geogebra, ktory je vhodny na kreslenie 3D objektov, pripadne vytvorenie
pohybu réznych objektov.

V prispevku je popisany postup vytvorenia videa, ktoré zobrazuje sklopenie
premietajucej roviny osi z V kolmej axonometrii. Objekt ja nakresleny
v programe Geogebra, tu je zadefinovany pohyb roviny. Cely pohyb je
nasnimany pomocou programu oCam na snimanie obrazovky a upraveny
v programe Video Editor. Takto pripravené video je vlozené v prezentacii
PowerPoint.

2 Vytvorenie animacie v Geogebre

Skor nez zaneme Kreslit’ vetky objekty, je potrebné si premysliet’ postupnost’
krokov vytvorenia celého pohybu nejakého objektu.
Preco?

Pri vytvarani pohybu sa vzdy pohybuje bod po nejakom utvare, napr. po
priamke, po kruznici. Najskor nakreslime vSetky statické objekty, ktoré nie st
sticastou pohybujucich sa objektov. Potom nakreslime drahu, po ktorej sa bude
pohybovat’ bod, ktorym bude zadefinovana animacia. Bod na utvare zobrazime
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pomocou prikazu Point on Object. Tymto bodom zadefinujeme objekty, ktoré
su sucast’ou pohybu.

2.1 Podrobny postup konStrukcie

Nakreslime vSetky statické Ciary a plochy.

©CoNoRWDNE

10.
11.
12.

13.

14.
15.

16.
17.

Bod 0(0,0,0).

Oxi X, Y, z ako tisecky leZiace na suradnicovy osiach.
Body X,Y,Z, Xe X, YEyY,ZE .

A XYZ — prikazom Polygon.

Rovina p kolma na hranu XY, prechadzajiica bodom O.
Prieseénica roviny p S A XYZ = PZ, obr. 1 vlavo.
k,Oek, k @ AXYZ

Oa, =k NAXYZ.

S — stred tsecky PZ.

Obr. 1: Zobrazenie statickych prvkov kolmej axonometrie

r, r |l XY, Oa€ r, obr. 1 vpravo.

N, NE€ r — T'ub.

KruZnicovy obluk d so stredom v bode Oa a prechadzajuci bodmi O,
N.

Bod Q - Point on Object — bod na kruznicovom obluku d. On sa bude
potom pohybovat’ po obluku.

Pomocou textu ho premenujeme na (O), nazov bodu Q vypneme.
Vsetky objekty, ktoré chceme aby sa pohybovali spolu s bodom Q
musime zadefinovat’ bodom Q, obr. 2.

Polygon ZPQ.

Usecka Q Oa, obluky pri bodoch O a Oa.
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Obr. 2: Zobrazenie prvkov kolmej axonometrie

Samotnd animacia sa spusti tak, Ze sa nastavime mySou na ndzov bodu v
algebraickom okne, klikneme pravym tla¢idlom mysi a v miestnej ponuke
klikneme na Animation on.

3 Zaznamenanie pohybu

Cely pohyb zaznamename pomocou programu na snimanie obrazovky. Ja som
pouzila program 0Cam. Zelené vyberové okno umiestnime tak, aby v iom bolo
zobrazené vsetko, ¢o chceme nasnimat’. Skontrolujeme celt animaciu a pomocou
Record spustime nahravanie, obr. 3. Nahraty subor ulozime.

‘2 o ) = reial P

Obr. 3: Nasnimanie obrazovky pomocou programu oCam.
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Video zostrihdme pomocou programu Video Editor. Pouzijeme prikazy Trim
a Split.

Project liarary

Obr. 4: Uprava videa pomocou programu Video Editor.

Vicsinou je video zostrihané na viac krokov. Vysledné video ulozime a vlozime
do PowerPoint prezentacie. V prezentacii je potom mozné upravit’ zobrazenie
videa.

4 Zaver

Pouzitie videa na prednaSkach deskriptivnej geometrie sa javi ako dobra cesta
podpory vizualizacie a ul'ahcenie Stidia pre Studentov odborov stavebnej fakulty
a fakulty architektiry.
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Abstract. Recently, a new algorithm to decide whether a discrete curve is
symmetric or not was presented in [4]. The basic strategy is to decompose
a given curve into a family of suitable components (simpler discrete curves)
whose symmetries can be found more easily. Using the designed method
all existing rotational and reflectional symmetries can be determined. The
formulated approach can be easily modified for perturbed discrete curves for
which approximate symmetries are to be computed. In this contribution we
shortly recall main steps of the algorithm from [4].

Keywords: Discrete curves, decomposition, exact and approximate symmetries

1 Introduction

Symmetries in the natural world are considered as an aspect of perfection, bal-
ance and harmony. They have served for people as inspiration to incorporate
them when producing tools, buildings or artwork. From the point of view of
geometry we must not forget Klein’s Erlangen Program and its basic concept for
the characterization of geometries based on the symmetry groups, [8].

Symmetry is called global when it concerns the whole object, or local when
only part of the object has this property. According to the type of transfor-
mation we can distinguish e.g. reflectional, rotational, central symmetries, etc.
Symmetry can be exact or approximate with a tolerance. Symmetry detection
belongs among classical problems in geometry, computer graphics, computer
vision, geometric modelling, pattern recognition, etc. Mathematicians investi-
gate predominantly global exact symmetries of objects given implicitly or by
their rational parametrizations, see e.g. [5, 9, 1, 2, 3, 7].

This contribution is devoted to exact and approximate symmetries of planar
discrete curves. It’s good to remember that the worlds of smooth and discrete
shapes are inseparable. We often start with sets of points and work towards con-
structing smooth curves/surfaces. In other cases we begin with a smooth shape
and by discretization we obtain a discrete version from it (e.g. for computational
reasons), [6, 10]. And this is also closely connected to studying symmetries, let
us recall e.g. symmetries of Bézier and B-spline shapes and relation to symme-
tries of their control polygons, see [11]. In this article we would like to briefly
present the main procedures that were recently published in [4].

2 Preliminaries
An isometry in R? is a mapping ¢ : R? — R? preserving distances, i.e.,

x+— A-x+b, where A€ O(R,2)andb € R% (1)
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For det(A) = 1, or det(A) = —1 we we speak about direct, or indirect isome-
tries, respectively. A point set X has a symmetry if there exists a non-identical
isometry ¢ such that X = ¢(X). The group of symmetries of X will be denoted
by Sym(X). Especially, we are interested in finite groups which are, in fact,
the symmetries of regular m-gons (cyclic groups C,,, and dihedral groups D,,,).

By a discrete curve C' we mean a finite set of vertices in R? that are con-
nected by line segments such that each vertex has exactly two neighbours. Let
us emphasize that we consider only discrete curves which are closed, each three
consecutive vertices are not collinear and all vertices are traced only once, on
the other hand self intersections are allowed.

Let C be a discrete curve with n vertices v, vy,...,V,_1,V, = vg. The
vertices can be identified with the n x 2 matrix (called a parametrization of C')

x x DR x T
v= (%0 71 n—1) )
Yo Y1 - Yn-1
We will also work with two elementary reparametrizations vf = vitp for 8 €
Z,, (B-fold circular shift), and v; = v_; (orientation reverse).

3 Main idea — decomposition

Consider a discrete curve C with a parametrization v. Our plan is to find a
decomposition of C' such that

i v=>, v,

(i) Sym(C) C Sym (C¥).
Subsequently, the symmetries of C' will be studied via the symmetries of the in-
dividual components C'©), see Fig. 1. Of course, the essential requirement is
that the symmetries of C'*) must be easily identifiable.

For this purpose, let’s move on to a new basis given by the orthogonal basis
vectors

° 902(171,...71)T,

-
oegg,lzx/i(o,sin%e ..,sinw> ford=1,...,[2] -1,

n ° n 2

n n 2

-
° egg:ﬂ(l,cos%é ...,COSM> for{=1,...,[2] -1,

ee, = (1,-1,1,—1,...,1,—1) " only if n is even.
Then we arrive at

n—1 eT v
vV = E ei'\A/i, Wlth\Ah: L y (3)
n
1=0
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which gives us the sought components in the form

v = ey-vy (Vgisthe barycentrum of C')
V(Z) = €e9y_1- \725_1625 . \Algg, where ¢ = 1, ey (%—I - 1, (4)
viZ) = e, 1 -Vn1 (only if n is even).

Fig. 1: Decomposition of the discrete curve C' into components C¥, ¢ =1,2,3. This
figure was taken from [4], originally Fig. 3.

For the sake of simplicity, we introduce the notation E, = (egg,l | egg) and

. T .
M, =1E/ - v = (V3-1,V2¢) and thus we can shortly write

V(Z) = EgMz. (5)

Main properties of this decomposition can be summarized as follows:
+ the curve C¥) does not depend on the parametrization of C,
* Sym(C) C Sym(C®) for each ¢ = 1,...,[2] — 1 and C having its
barycenter in the origin,
see Corollary 11 and Theorem 12 in [4].

4 Exact symmetries of C'\“) and C

In what follows we will presume that the barycenter of the vertices of C' (possi-
bly after translation) is at the origin. Next we assume that we have the decompo-
sition of C' into components C'(¥). Recall the property Sym(C) C Sym(C®))
from which it directly follows

Sym(C) C ﬂ Sym(C(Z)). 6)

This suggests to determine symmetries of all (or selected) individual compo-
nents C') and next to find the intersection of all the obtained symmetry groups.
It should be always verified whether the obtained candidate symmetries are also
symmetries of the whole discrete curve C.

Hence, we have to start with formulating procedures how to find the reflec-
tional and rotational symmetries of particular C©). For the sake of brevity we
recall without proofs the results from [4] (see Section 3.1).
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Reflectional symmetries. If v, 1 and vy, are orthogonal and of the same
length (we call such components circular) then it can be shown that C'(¥) is
rotationally symmetric with the symmetry of m-gon, where

m— n
 ged(4,n)

> 2. (N
Remark 4.1 It can be easily shown that the points of C'“) given by
v = E,M,
lie on the associated ellipse
pe(t) = agsin(ft) + by cos(£t) (8)
with the conjugate half-diameters

as = V2Vo_1, by = V2V 9

It is well-known that the directions of the axes of p; determined by a,, b, can
be immediately computed as the eigenvectors of the symmetric matrix

Q=M,  -M,. (10)

However, it is necessary to confirm that the axis of symmetry of py obtained via
this computation is also the reflection axis of C*) as, in general, Sym (p¢) can
be bigger than Sym(C(Z)).
Rotational symmetries. In this case we have to find reparametrization(s)
v; — vg_; relating symmetric vertices. One can identify two situations:

1. if C® is circular then B can be chosen arbitrarily;

2. if C® is non-circular then B(s) is(are) obtained as integer solutions of

n 2\72@_1\7% . .
B(arctan( - ~ >+]7r>, 7=0,...,n—1.
2t [Vael[* = [IVae-a]?

For each 3 the corresponding reflection axis rg is found as the axis of the two
non-identical reflectionally symmetric vertices v; and vg_;. We associate to
each ¢ the set of all pairs Sp = {(8,75)}.

The previous procedures bring us to formulation of two theorems dealing
with exact reflectional and rotational symmetries of the whole curve C, for more
details see again [4].

Theorem 4.2 C possesses the reflectional symmetry iff the intersection of all
sets Sy is nonempty.



Exact and approximate symmetries of discrete curves in plane 59

Theorem 4.3 C' possesses the rotational symmetry of m-gon (m > 2) if and
only if
(i) all the matrices My are scalar multiples of orthogonal matrices (which is
equivalent to the circularity of all components), and
(ii) m = ged(n, {oel — oxk}i.e) for all pairs k, (, where o, = det My, # 0,
op =det My # 0 (i.e, 0,00 € {—1,1}).

We would like to emphasize that it follows from (ii) that for a certain m-gon
only some particular components are allowed.

5 Approximate symmetries of perturbed discrete curves

One of the main advantages of the formulated approach lies in the fact that it can
be, after a suitable modification, easily adapted also for detecting approximate
symmetries of perturbed discrete curves. The readers more interested in all the
details are kindly referred to [4, Section 4].

Now, the input is a curve C' which is a perturbation of some unknown (per-
fectly) symmetric discrete curve C. Thus, we consider n vertices v; = (z;, ¥;),
i =0,...,n — 1, and their perturbed versions v; = (Z;, ¥;) such that

Ty =x;+ 0fe, Ui=uyi+ole, (11)

where (x;,y;) € [—h, h]x[—h, h] (i.e., h describes the range of the input points),
0 < & << hand p?, p! € R are real numbers such that [p¥| < 1, [p?| < 1.
To obtain a better estimation reflecting the number of points, the probabilistic
approach was used in [4], i.e., it was assumed that the errors £o7, 0! (or only
0%, 0Y) are random numbers with Gaussian distribution N (u1, o).

Following the ideas from the previous section devoted to exact symmetries,
also in this part we will work with the decomposition of C' into components C©).
Nonetheless, we emphasize necessity of the verification step confirming that the
found approximate symmetry ¢ from (,.; Sym(C®)) is also an approximate

symmetry of C'. Next, we adopt the following two conventions, see Fig. 2:
(i) C® in the decomposition of C' is omitted if all its vertices v;-e) lie inside

the circle with the radius ¢ — aproximately trivial/zero component.

(ii) C® in the decomposition of C is declared to be aproximately circular if
min { || B — (@) [ | be + (@) |} < 2.

We must stress the necessity of verifying that the obtained map ¢ is indeed
the approximate symmetry of C. So, we try to find v; such that ¢(vo) = v;,
which means that

| 6(¥0) — ¥ < 2V2e. (12)

If such v; does not exist then ¢ is not an approximate symmetry of C. In the
affirmative case we continue to compare (via the approximate identity) the next
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Fig. 2: Left: An approximately trivial component c® lying in the prescribed
e-neighbourhood. Middle: A component that cannot be considered as trivial although
both half-diameters lie inside the e-circle. Right: The component C' ® determined by
the conjugate half-diameters ag, b, which is approximately circular. This figure was

taken from [4], originally Fig. 12.

vertices and their images as in the exact approach. All the corresponding vertices
must be approximately identical and by the error of the approximate symmetry
¢ of C' we understand the value

1 n—1 N _
0 = n Z || (Vi) — Vj:i:i” (13)
i=0

for ¢(vo) ~ v; and +/— for rotations/ reflections.

Rotational symmetries. First, we check if the decomposition of C consists of
only approximately circular components C'©). It this is true then we proceed
as in the exact case which helps us to determine whether C*) exhibits some
rotational symmetry of m-gon, m > 2, see Fig. 3.

Reflectional symmetries. We will distinguish between two situations. When
the decomposition contains at least one elliptical component then we can deter-
mine the axes of the associate ellipse and then verify if these axes are reflection
axes of C, see Fig. 4 _

If all components C® are only (approximately) circular then we construct
the sets Sy = {(67 D><lg.¢ )}, B =0,...,n — 1, where ><g o represents the set
of all potential axes (which is caused by the input perturbation; see [4] for how
to determine these double wedges). Then we find (1), ><I3¢, see Fig. 5

6 Conclusion

In this contribution we shortly presented a recently proposed method for com-
puting symmetries of planar discrete curves. The approach is based on the de-
composition of a given curve into simpler discrete curves for which is much
easier to find their symmetries. The value of this method lies mainly in the fact
that it is also well capable of detecting symmetries of perturbed discrete curves,
after a suitable modification. All details can be found in the original paper [4].



Exact and approximate symmetries of discrete curves in plane 61

Fig. 3: Decomposition into approximately circular components. Curves
C®/Cc™ and C®) /C®) possess approximately/exactly rotational symmetries
of 8-gon . However the approximate/exact rotational symmetries of C /C' are
only rotational symmetries of square. This figure was taken from [4], originally
Fig. 13.

("/(’ ("(1)/('(1) p(?)/(r(z) ('(3)//('('0

Fig. 4: Decomposition into components from which at least one is elliptical.
This figure was taken from [4], originally Fig. 14.
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Abstract. In the paper we explore 3D generalization of the well-known
Wallace—Simson theorem: Given four straight lines which are parallel
to a fixed plane. Determine the locus of the point P such that points
which are symmetric with a point P with respect to these four lines

are coplanar. The locus of P is a cylinder of revolution with the axis
which is perpendicular to the fixed plane.

Keywords: Wallace-Simson theorem, locus in 3D, cubic surfaces,
elimination.

1 Introduction

The well-known Wallace-Simson (W-S) theorem belongs to the most
beautiful theorems of plane geometry. There exist several modifications
and generalizations [6, 7, 8, 9, 10, 11, 12, 13]. We will explore 3D gener-
alization of the following equivalent version of W—S theorem.

If P is a point in the circumcircle of a triangle ABC then points symmet-
ric with P with respect to the sides of ABC are collinear.

Fig. 1: Points K', L', M’ are collinear
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The line s’ is parallel to the Simson line s and passes through the orto-
center H of AABC, Fig. 1.

2 Various generalizations

(Gergonne): If P is a point of a circle which is concentric with the cir-
cumcircle of a triangle ABC then orthogonal projections K, L, M of P
onto the sides of ABC' form a triangle with constant area.

Fig. 2: Orthogonal projections K, L, M of P onto the sides of ABC form
a triangle with constant area

If the area of AK LM equals zero we get W—S theorem, Fig. 2.

3D generalization of W—S theorem on a tetrahedron is following [9]:
Denote A = (0,0,0), B = (a,0,0), C = (b,¢,0), D = (d,e, f), P =
(p,q,7), Fig. 3.

Let K,L,M,N be orthogonal projections of a point P to faces BC'D,
ACD, ABD, ABC of a tetrahedron ABCD. Then the locus of P such
that the tetrahedron K LM N has constant volume s is the surface F

F:=acl®f?G+sQ =0,

where

G = 2P+ cf (€ + [ — celpPr + of*(a — W + of(a — 2)pr® +
2cef(b—d)pgr+b(b—a) f2¢3+ f(be(a—b)+cd(d—a)+cf?)g*r+ f2(b* —ab+
2 —2ce)qr? + (be(a—b)+cd(d—a)+ce(e—c)) fr3—ac? f2pq+acf(ce —e? —
2)pr+abef?q® + (a(c?d —2bce +be?) — (cd — be)? + f2(ab— b2 — ?)) fqr +
(ce?(ab+ad —2bd) + c*de(d —a) +be3(b—a) + f2(a(cd — be) +e(b?+c2)))r?

and
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Q = 6(e? + f2)((cd — be)? + f2(b? + 2))((c(a — d) — e(a = b))* + f*((a —
b)? + c?)).

Fig. 3: For a regular tetrahedron and s = —1/10 we get a cubic surface

Another 3D generalization of the Wallace-Simson theorem might be as
follows:

Determine the locus of the point P such that feet of perpendiculars from
P to four arbitrary straight lines in three dimensional Euclidean space are
coplanar.

It turns out that such a formulation leads to many complex cases.
One might distinguish individual special positions of lines which lead to
various types of cubics and quadrics.

In our opinion such a classification has not been done yet, it is a matter
of further investigation.

3 Four lines parallel to a plane

In this section we will deal with a generalization of the W—S theorem in
3D when four straight which are parallel to a fixed plane are given.

Consider four straight lines k1, ko, ks, ky which are parallel to a fixed plane.
Let X1, X9, X3, X4 be points which are symmetric with the point P with
respect to the lines ki,ke, ks, kq. Then the locus of P is a cylinder of
revolution.
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Proof:

Adopt a rectangular coordinate system such that aix + by + ¢1 = 0,
a2 + boy +co =0, agx + bsy + c3 = 0, agx + byy + c4 = 0 are equations
of orthogonal projections of the lines k1, ko, k3, k4 in the fixed xy-plane.
Let Xy = (21,91, 21), X2 = (%2, Y2, 22), X3 = (73,43, 23), Xa = (T4, Y4, 24)
be points symmetric with a point P = (p,q,r) with respect to the lines
]{?1, kz, k37 ]{34, then:

X is symmetric with P with respect to k1 =
hi = ai(p+a1) +bi(g+yi) +2c1 =0, hy:=bi(p—a1) —ai(g—y1) =0,
X5 is symmetric with P with respect to ke =
hs == as(p+x2) +ba(q+y2) +2c2 =0, hg :=ba(p—2x2) —az(q—1y2) =0,
X3 is symmetric with P with respect to ks =
hs == az(p+x3) +b3(q+y3)+2c3 =0, he := b3(p—x3) —az(g—y3) =0,
X, is symmetric with P with respect to ky =
h7 == a1s(p+x4) +ba(q+ys) +2c4 =0, hg :=ba(p —x4) —as(g—ys) =0,

X1, X9, X3, X4 are coplanar =

1, Y1, 21,

[ e =

hg — T2, Y2, Z2, = 0.
T3, Y3, 23,
Ty, Y4, 24,
Elimination of 8 variables 1,y ... x4, ys in the ideal J = (hq,...,hg) in

CoCoA! which leads to the locus equation fails because of complexity.

To simplify the computation we use unit vectors (a1,b1), (az,b2), (as,bs),
(aq,b4) and put a3 =¢1 =0,b1 = 1,21 =0.

Now elimination of z1, ¥y . .. x4, ys4 in the ideal J = (hq,..., hg) in CoCoA
works. We get a locus equation

Ap* +¢*)+Bp+Cq+D =0, (1)
where

A = zazay(aszby — ashs) + z3a2a4(asby — azbs) + z4a2a3(azbs — asbz),

B = 29(agcq +agcs)(asby — agbs) + 23 (agcs +ascs) (agba —azby) + z4(azcs +
agcg)(agbg — agbg),

ISoftware CoCoA is freely distributed at http://cocoa.dima.unige.it
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Fig. 4: The locus of P is a cylinder of revolution

C =2z (a3a4+b3b4)(a304 —a463) +23(a2a4 +bzb4)(a462 —a2¢:4) +24(a2a3 +
babs)(azcs — asca),

D = 226364(a3b4 — a4b3) =+ 236264(a4b2 — a2b4) + 246203(0,21)3 — agbg).

We see that the locus is a cylinder of revolution whose axis is perpendicular
to zy-plane, Fig. 4.

Realize that for any point P of the locus the whole line perpendicular to
the fixed plane belongs to the locus.

Remarks:

1. Note that the coefficient A by p? +¢? in (1) depends only on directions
of the lines k1, ko, k3, ks and their distances z1, 22, 23, 24 to the fixed xy-
plane because of the absence of terms ¢y, co, c3, ¢4.

2. If all the lines ki, ks, k3, k4 intersect a line which is perpendicular to
the fixed plane (axis z in our coordinate system) then the locus of P is
this line instead of the cylinder of revolution. To see it realize that in this
case all coefficients c1, ¢o, c3 and ¢4 vanish. This implies B=C =D =0
in (1).

4 Conclusion

In the text a 3D version of W—S theorem when four given lines are parallel
to a fixed plane is investigated. We explore points P such that points
which are symmetric with P with respect to given four lines are coplanar.
The locus of the point P is a cylinder of revolution with the axis which is
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perpendicular to the fixed plane.

The authors are still working on this problem. In future we would like

to analyze 3D version of W—S theorem with arbitrary positions of given
four lines. Also generalization in n-dimensional Euclidean space seems to
be possible.
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Abstract. NASA rotor 37 je letadlovy transsonicky axialni kompresor sestaveny
ze 36 lopatek vytvofeny a testovany ve vyzkumném stfedisku NASA Lewis
Research Center v 70. letech. Geometrie lopatek a experimentalni méfeni
aerodynamickych vlastnosti provedené v NASA se pozdé&ji staly zakladem pro
vytvofeni testovaci ulohy pro ovéfeni vlastnosti numerickych metod
v aerodynamice. Matematickd analyza geometrie lopatky a pouZiti vhodného
softwaru pro sestrojeni parametrického 3D modelu lopatky, vcetné
implementovanych geometrickych modifikaci 3D geometrie je vhodny postup
pro vytvofeni testovaci geometrie pro numerické analyzy.

Keywords: NASA rotor 37, parametrical model, compressor blade, geometry
analyses
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1 Uvod

Tvarovd optimalizace geometrie lopatek turbokompresorovych stroji je
pfedmétem védeckého vyzkumu numerického modelovani mechaniky tekutin
a strukturalnich analyz. Pozadavek vysoké efektivity kompresorovych stroji
klade vysoké naroky na geometrii lopatek, numerické analyzy i fyzické testy ve
zkuSebnich aerodynamickych tunelech. Pro ovéfeni vlastnosti numerickych
modellt i aerodynamickych testi je vhodné pouzit referenéni testovaci
geometrii s velkym mnozstvim ovéfenych vysledkl. Idealnim kandidatem je
NASA rotor 37. [1]

Pro vytvofeni pfesné geometrie je nutné podrobné odvodit matematickou
parametrizaci jednotlivych profild lopatky a nasledné jejich sestaveni pro
tvorbu 3D modelu. Vstupni geometrie numerickych simulaci vyzaduje format
.step. Tuto podminku spliiuji konvencni softwary (naptf. BladeGenerator).
Dalsim pozadavkem je parametrizace geometrie lopatky pro urychleni
nebo uplnou automatizaci procesu numerické analyzy a nasledné geometrické
optimalizace. Idealnim nastrojem je vytvofeni matematického modelu
geometrie lopatky ve volné dostupném programovacim jazyce (napt. Python)
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spolu se softwarem pro tvorbu CAD geometrie v pozadovaném formatu (napft.
Salomé). [1]

Pro ovéfeni vlastnosti vytvorené geometrie je vhodné pouzit kontrolni
nastroje pocitacové grafiky. Hlavnimi kontorolnimi nastroji je zobrazeni pruht
zebry, pro kontrolu spojitosti ploch a jejich napojeni a zobrazeni grafu kiivosti
pro kontrolu spojitosti kiivek a jejich napojeni.

2 MCA profil

V této kapitole je uvedena metodika tvorby MCA lopatky podle [2]. Kuzelova
aproximace povrchu proudnic pouzita pfi tvorbé lopatky je zobrazena pomoci
schématu na obr. 1, kde a je poloviéni vrcholovy thel kuzele. Ilustrace
umisténi lopatky na kuzelu je zobrazena na obr. 1 v soufadnicovém systému
O(R, ¢). V tomto soufadnicovém systému je povrch kuZele rozvinut do roviny
pro nasledny popis profili lopatek v rovinném soufadnicovém systému.
V souradnicovém systému O(R, ¢) pfedstavuje R délku spojnice vrcholu kuzele
s prislusnym bodem (bod na vstupu, bod pfechodu, bod maximalni tloustky
profilu, bod na vystupu) na kruznicovém segmentu lopatky a ¢ je uhel mezi
referen¢nim prdvodi¢em a praovodicem k piislusnému bodu. Kuzelova
aproximace proudnicového povrchu je definovana pomoci ri, ro a z. Jsou to
poloméry vzdalenosti od osy ke stiedu nabézné hrany, odtokové hrany a axialni
vzdalenost mezi témito dvéma poloméry. Uhel lopatky « je definovan pomoci
Ghlu mezi privodi¢em R a te¢nou k povrchu lopatky nebo ke sttednici profilu.
Metodicky postup vytvoteny [2] je urCeny pro rozmisténi profilt lopatky na
kuzelovém povrchu a nezahrnuje piedeslé kroky konstrukéniho procesu
pottebného pro ziskani parametri lopatky. Kazdy profil lopatky je
charakterizovan 11 parametry [3].

Rozvinutad kuzelova plocha

!

radialni smér, r

axialni smér, z

Obr. 1: Kuzelova aproximace povrchu proudnic
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Pro sestaveni lopatky jsou profily a stfednice profili konstruovany ze dvou
segmentt, vstupniho a vystupniho s konstantni ktivosti dx/ds, kde « je lokalni
thel lopatky a s je délka profilu.

Vystupni segment

Bod pfechadu

Vstupni segment

Obr. 2: Popis profilu

Bod, kde se te¢né dotykaji vstupni a vystupni segment profilu, je definovan
jako bod ptechodu.

3 3D model

Pro tvorbu CAD modelu byl pouzit volné dostupny software [4]. Tento
software umoziuje tvorbu parametrického modelu MCA lopatky a je zalozeny
na NASA rotoru 37 a programu ve Fortran IV [2]. Profily zde mohou byt
sestaveny vertikalné podél piimky nebo se zahrnutim natoceni tvofici kiivky
pii sestaveni lopatky. V takovém piipadé jsou profily pii sestaveni lopatky
vzajemné posunuty nebo natofeny. Plivodni parametrizace podle [2] uvaZuje
pouze konstantni thel natoceni tvofici kiivky, pfi jeji modifikaci lze
konstruovat lopatku s komplexni geometrii.

Kéd je strukturovan do tii samostatnych moduld, které Ize spustit
individualné:

e  Vyhlazeni parametri: Vyhlazeni parametri MCA lopatky podél
rozpéti lopatky pro ziskani hladsi geometrie.

e Soufadnice profilii: Vypocet kartézskych souradnic bodd kazdého
profilu z parametrd profili a axialni a te¢na transformace tvofici
ktivky, tedy popis celé 3D geometrie jako mnoziny bodd.

e CAD model lopatky: Vytvofeni CAD modelu a sit¢ z bodi
soutadnic pomoci softwarové platformy Salomé. [5]
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Vstupni parametry
MCA Lopatky
Vyhlazeni parametrii
lopatky
N
Paramelrizace tvofici kFivky ~—___| Vjpotet soufadnic profild
I [Python]

kartézské soufadnice profild
lopatky ve formdtu txt

Wypatet 30 geometrie lopatky
(Python + Salomé)
7 Y
/ \

CAD model lopatky 30 sit'
ve formatu step ve formatu dat

Obr. 3: Schéma programu

Vystupem jsou nasledujici soubory v zavislosti na vybrané moznosti exportu.

e  CAD model lopatky reformatu .step.

e  Sit' bodi ve formatu .dat.

Na obr. 4 jsou zobrazeny v8echny vytvotené lopatky rotor 37 s modifikaci
geometrie tvofici kiivky (axidlni posunuti, radialni natoceni) véetné
referen¢niho rotoru 37.

@
\
Axisini
posunuti 100
Axialni
posunuti S0 . v 2
Referentni =
L /
Teiné &
natofeni 50

Teéné
natoceni 100

Obr. 4: Katalog CAD modelt lopatek rotor 37 s modifikovanou geometrii
tvorici kiivky

4 Analyza geometrie

Pro analyzu vytvofené geometric byla vybrana lopatka s referenénimi
vstupnimi parametry rotoru 37 bez modifikace natofeni a posunuti tvofici
kiivky. Z grafické analyzy zobrazenim pruhii zebry na tlakové, resp. saci strané
lopatky na obr. 5, resp. 6 je patrné napojeni vstupniho a vystupniho segmentu
s minimalni G1 spojitosti. Dale je ze spojitych pruhti patrna minimalni G2
spojitost ploch jednotlivych segmentd. Pii detailni analyze napojeni vstupniho
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a vystupniho segmentu tlakové strany profilu v 0.5 rozpéti lopatky na obr. 7
zobrazenim grafu kiivosti je patrny vyhlazeny minimalné G2 spojity prechod.
Tento ptrechod je zplsoben Vyhlazenim parametri lopatky pii tvorbé 3D
geometrie. Dale je z obrazkdl patrna minimalni G2 spojitost vstupniho
a vystupniho segmentu lopatky.

A

Obr. 5: Tlakova strana lopatky Obr. 6: Saci strana lopatky

Obr. 7: Graf spojitosti tlakové strany profilu v 0.5 rozpéti lopatky

5 Zavér

Pfredmétem vyzkumu bylo vytvofeni parametricktho CAD modelu
kompresorové lopatky vhodného jako testovaci vstupni geometrie pro ovéteni
numerickych modeld. Vzhledem k mnozstvi dostupnych dat z méfeni
v aerodynamickych tunelech a numerickych simulaci byl zvolen NASA rotor
3.

Pro tvorbu 3D CAD modelu ve formatu .step byl zvolen voln¢ dostupny
software [4]. Matematicka definice geometrie lopatky véetné modifikace
geometrie tvofici kiivky je zde zpracovana v programovacim jazyce Python.
Tvorba 3D CAD modelu ve formatu .step byla provedena pomoci volné
dostupné softwarové platformy Salomé. Celkem bylo vytvofeno 5 lopatek,
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referencni NASA rotor 37, dvé lopatky s axidlnim natoCenim tvofici kiivky
a dvé lopatky s te¢nym natoCenim tvofici kfivky. Nasledn¢ byla provedena
analyza vysledné geometrie lopatky s parametrizaci referen¢niho rotoru 37.

Z provedené analyzy geometrie lopatky pomoci zobrazeni pruhu zebry
vyplyva minimalni G2 spojitost platd lopatky na tlakové i saci strané
a minimalné G1 spojité napojeni platt vstupniho a vystupniho segmentu. Pii
detailni analyze napojeni segment profilu lopatky na tlakové strané bylo
zjisténo minimalné G2 spojité napojeni a to vlivem vyhlazeni vstupnich
parametrt pfi tvorbé 3D modelu lopatky.

Pouzity software vyhovuje pozadavkiim na vstupni geometrii pro numerické
simulace a vzhledem k vefejn¢ dostupnému kodu je vhodny pro implementaci
naptiklad v softwaru pro numerické simulace OpenFoam nebo dalsi modifikaci
pro tvorbu lopatek definovanych pomoci funkce stiednice profilu.
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Vyuka geometrie ve Vietnamu

Teaching geometry in Vietnam
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Abstract. At first view, it may seem that mathematics teaching around the world
must be similar. For some areas this is the case, but for example the teaching of
geometry in Vietnam is very different. The aim of this paper is to present some
interesting geometry problems and their solutions that are taught in this country.
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1 Edukacdni systém ve Vietnamu

Vzdélavaci systém a jednotlivé jeho trovné jsou velmi podobné nasemu
Ceskému systému (Obr. 1). Podle Vietnamského narodniho shromazdéni (1998,
kapitola 1, ¢lanek 6; 2005, kapitola 1, ¢lanek 4), narodni vzdélavaci systém
zahrnuje predskolni vzdélavani, vSeobecné vzdélavani, odborné vzdélavani a
postgradualni vzdélavani. Zaci za¢inaji povinnou $kolni dochazku v 6 letech,
pficemz vétSina déti je zapojena i do predskolniho vzdélavani v ramci riznych
predskolnich zatizeni. Kompletni vietnamsky narodni vzdélavaci systém mizete
dohledat v oficialnich dokumentech na webovych strankach Ministry of
education and training (MoET). Béhem pifechodu na dalsi uroven studenti
skladaji rizné zkousky a napf. u matematiky na zakladni skole maji studenti test
o Casové dotaci 120 minut, jez se sklada z algebry a geometrie, obsahujici
teoretické a vypoctové ulohy. Z pohledu vyuky geometrie se dlouhodobé razila
striktni axiomaticka vystavba, kdy si zaci vybudovali postupné celkovy aparat
S definicemi a vétami. Po reformé se absolutni pohled zalozeny na axiomech v
geometrii nahradil alternativnim vizualnim pohledem a uvazovanim. Geometrie
na stfedni Skole neni konstruovana jako cista dedukce, pfesto ve srovnani
s Ceskym systém obsahuje minimum konstruk¢nich Gloh. Namisto striktnich
matematickych dikazu v nékterych pripadech mohou studenti méftit, pozorovat,
experimentovat a poté vyvozovat zavery (bez dikazi). V nizsich rocnicich je
geometrickych dukazd vyrazné méné. Nacrtavanim a pozorovanim obrazct,
méfenim useéek a uhlt pomoci skladani a stiithani papiru maji zaci moznost
komentovat udalosti a predvidat vlastnosti diive, nez jsou oficialné predstaveny
geometrické véty a jejich dikazy. Na zakladé rozhovori s kolegy a studenty se
na vysoké skole geometrie povétSinou vyucuje pies axiomatickou vystavbu a je
spiSe teoretického charakteru s minimem ilustracnich uloh. Konstrukéni
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a deskriptivni geometrie je spiSe doménou technickych univerzit zamétenych na
stavebnictvi a strojirenstvi.

V ramci programu Erasmus byl u nas realizovan ptfedmét pro vétsi skupinku
studenti z Vietnamu, ve kterém byla zahrnuta geometrie. Reakce studentd na
vyuku byly kladné, jelikoz studenti méli kvalitni zaklady teoretické geometrie,
které aplikovali na vybrané tlohy.

Age Year

22+

21+

20+ Colleges, Universities

19+

18 4 General Certificate of Secondary
7777777777777 Education Examination

17+ 12 (6 subjects taken)

16 11 Senior Secondary School

15 10
————————————— Examination (6 subjects taken)

14 + 9

13+ i

I ~ Junior Secondary School

11 [

m - <— —_—_—————————— Examination (Vietnamese, Mathematics)

9+ 4

B4 3 Primary School

7 2

6+ 1

54 "Young Shoot’ education

Obr. 1: Struktura edukaéniho systému ve Vietnamu [1]

2 Ucebnice

Ve Vietnamu obvykle po celou dobu studia existuje jedine¢na celostatni fada
ucebnich osnov a ucebnic pro viechny tirovné skol. Vyjimeéné na pocatku 90.
let az do konce 90. let 20. stol. existovaly tfi fady stfedoskolskych ucebnic (pro
nekteré predméty), které napsaly tfi rizné autorky, skupiny autori z hanojské
Pedagogické univerzity, z univerzity v Ho Ci Minové Mgsté a Narodniho
institutu pro vzdélavaci védy (NIES). Nicméné v roce 2000 byly tyto fady
opraveny, upraveny a sjednoceny, aby vytvofily jedineénou fadu s nazvem
Zékladni vzdélavani (1. az 5. tfida, v€k 6 az 11 let), pokrocilé zakladni
vzdélavani (téidy 6 az 9, resp. 11 az 14 let) sttedoskolské vzdélavani (tfidy 10 az
12 let, ve véku 15 az 17 let. Krom¢ toho MOET provedlo experiment, podle né¢hoz
byli stiedoskolaci rozdéleni do ti skupin: Piirodni védy (Skupina A), Technika
(Skupina B) a Spolecenské védy (Skupina C) od roku 1992 do roku 1997.
Vietnamské narodni matematické kurikulum je navrzeno a urceno podle MoET.
Vyskytuji se i ucebnice experimentalni, jejichz autofi jsou vétSinou akademici
z univerzit. U¢ebnice jsou testovany na nékterych skolach (poptipadé klinickych
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Skolach u ,,pedagogickych* fakult ) v riznych oblastech v prabéhu nékolika let
a jsou aktualizovany, nez se za¢nou oficialné pouzivat ve vSech Skolach.
Vsechny schvalené skolni u¢ebnice jsou vydavany speciadlnim nakladatelstvim
Educational Publishing House. U¢ebnice matematiky jsou rozdéleny do nékolika
kapitol obsahujicich lekce. Jednotlivé lekce obsahuji motivaéni Glohy, formalni
matematické definice, véty. V zavislosti na cilovou skupinu se v ucebnicich
vyskytuji lehké modifikace. Jen na okraj — tim, Ze Vietnam se rozlohou fadi mezi
vétsi zemé, tak se ve vyuce vyskytuji rizné modifikace motivacnich a
praktickych uloh vzhledem k regionu.

' BO GIAO DYC VA DAO TAO

HINH HOC

BO GIAO DUC VA DAO TAO

HINHHOC

NANG CAO

@

M NHA XUAT BAN GIAQ DUC VIET NAM

AR NHA XUAT BAN GIAO DUG VIET NAM

Obr. 2: UCebnice geometrie

2.1 UkazKky uloh z uc¢ebnice

Ucebnice (Obr. 2 vlevo [2]), ze které budou ptedstaveny ulohy je v bilingvni
verzi a uvadéna feseni jsou pfimo z ucebnice, nejedna se o autorsky pocin, ale o
preklad a znaéeni ptevedeno dle nasich konvenci.

Piiklad 1. Mg¢gme Cctyisttn ABCD. Necht' body Gy, G,, G3 jsou stiedy
trojuhelniki ABC,ACD,ABD. Dokazte, ze rovina G;G,G3 je rovnobézna
s rovinou BCD.

Reseni: M&jme body M, N, P, jez jsou stiedy hran BC,CD a DB (Obr. 3).
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M¢jme

AG AG - ’ v ~r cx
Tedy A—Ml = A—NZ z toho usuzujeme G, G, || MN. Vime, e MN leZi v roviné BCD,
AGy _ AG3

pak G;G, |l BCD. Obdobné ERTIE toho usuzujeme G,G3 || MP. Vime, ze
usecka MP lezi v roving€ BCD, pak G,G5 || BCD. Proto G,G,G5 || BCD.

Piiklad 2. Mé&jme krychli ABCDA'B'C’'D’.

a) Dokazte, Ze rovina BDA” je rovnobézna s rovinou B'D’C’.

b) Dokazte, ze diagonala AC’
prochazi skrz stiedy G4, G, dvou trojuhelnikt BDA’a B'D’C".

D

G, ,*

B

.
G.

B B

Obr. 4: Doprovodné ilustrace vytvoiené v GeoGebie
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ReSeni: a) Vyuzijte vlastnosti: ,,Pokud rovina obsahuje dvé riznobézky a, b,
které jsou rovnobézné s ptimkami jiné roviny, pak dvé roviny jsou rovnob&zné.

b) Mgjme bod O, ktery je stiedem rovnobézniku ABCD a G, = AC' N

A’0. Dokazte % = 2 Nasledné stejné aplikujte na Gp.

Priklad 3. M¢&jme Ctyistén ABCD. Méjme body I, ], K, jez jsou stiedy hran
AB,BC,BD. Pruse¢nice dvou rovin ABD a IJK je

a) KD

b) KI

c) Pifimka prochazejici bodem K a rovnob&zna s hranou AB

d) Neexistuje

A

7
/A

Obr. 5: Doprovodny obrazek v uéebnici k zadani na str. 78

Vsechny tfi ulohy byly vybrany z druhé kapitoly Rovnobézné roviny, pricemz
Priklad 1. mizeme Vv ramci naSich ucebnic oznacit jako vzorovy, Piiklad 2. jako
uloha k procvi¢eni a posledni byl vybran ze zavéreéného testu s uzavienymi
odpovéd’'mi. V uebnici autofi nerozli§uji ulohu a ptiklad, ale vie je oznaceno
jako priklad, proto bylo zanechano plivodni oznaceni. Taktéz autofi podstavu
télesa oddéluji teckou, pokud se jedna o Ctyfstén, pak vzdy prvnim pismenem
oznaduji vrchol, ktery nendleZi podstave ¢tyfsténu (Obr.5).
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Obr. 6: Vysledné fe$eni v GeoGebie

3 Zavér

Cilem ptispévku bylo seznamit s formou zadani uloh, jez se vyskytuji v ucebnici
geometrie ve Vietnamu. Jedna se o maly exkurz do vyuky geometrie v jinych
zemi, kde se na konstrukéni ulohy neklade takovy diraz. Vzhledem k tomu, Ze
vétsina vysokych $kol v Ceské republice nabizi anglické studium, mohou se na
né prihlasit studenti z Vietnamu. Je to ukazka toho, Ze je dobré byt seznamen i
s jinou formou, jelikoz studenti mohou feSit zadané ulohy s nejvétsi
pravdépodobnosti jinymi postupy nez studenti z Ceskych stiednich Skol. Celkove
problematiku vyuky matematiky ve Vietnamu a zejména geometrie shrnuje
diserta¢ni prace od dr. Tuan Anh Le, viz [3].
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Abstract. Already in the 1934 textbook of drawing by Bozena Ritschlova-
Vaneckova there is a special chapter of ornamental examples. The paper will
focus on the elements found in the architecture of Socialist Realism, which is very
typical for the city of Havifov and the Poruba part of Ostrava. Using GeoGebra
software we will present examples suitable for teaching geometry.
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1 Dobovy kontext a SORELA

Po skonceni druhé svétové valky nastala potieba opravit zni¢end mésta po
bombardovani. Napiiklad Ostrava zazila masivni bombardovani 29. srpna 1944,
kdy se spojenecka vojska zamétila na tézky primysl v Ostravé. Znaéna
poskozeni vznikla v méstskych castech Zabieh, Vitkovice, Slezska Ostrava ¢i
Vv centru Ostravy. Tento nalet si vyzadal pies 500 obéti na Zivotech z fad civilniho
obyvatelstva. Budovy, které nesly zrekonstruovat, tak byly uréeny k demolici,
coz prispélo ke vzniku proluk. Samoziejmé i béhem druhé svétové valky
dochdzelo k cilenému poskozovani budov a historickych staveb okupanty.
Béhem osvobozovani byla poskozena infrastruktura a dalsi budovy nejen spojené
S ni, coz se na vysledné architektonické podob€ mést projevilo. V povale¢né dobé
dochdzelo ke snahdm obnovit rozvijejici se stavitelstvi prvni republiky —
povale¢éné Ceskoslovensko mélo vynikajici predpoklady k rychlé obnové
a vybudovani pozice silného primyslového statu s vyspélou architekturou.
Povalecni architekti maji také do zna¢né miry spolecné hledani socialismu
(sovétského, skandinavského, anglického atd.) Zlom nastava po ,,vit€zném
unoru®“ v roce 1948, kdy se naSe zemé dostava prioritné pod sféru vlivu
Sovétského svazu a je nucena se podiidit stalinistickému neoklasicismu, téz
zvaného socialisticky realismus neboli zkracené SORELA. V té dobé probiha
zestatnéni stavebniho primyslu a vzniku Stavoprojektu. Rizenim téchto
gigantickych podnikti byli povéfeni byvali levicovi avantgardisti Karel Jand
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a Jiff VozZenilek, pfi¢emz podniky charakterizuji do podoby primyslového
zavodu, kde tvorba ustupuje ekonomické vyhodnosti a kvantité.[1]

Zakladni znaky socialistického realismu v architektufe:

- Typické pro stavby socialistického realismu byla ptredevsim
monumentalita, a pfedev§im reprezentace moci vzristajiciho
Sovétského svazu

- Zasady staveb vychazely z klasické architektury (v podstate
renesanéni) s hojnym vyuzitim vyzdobnych technik — nasténné
malby, sgrafita, figuralni plastika, reliéfy, ozdobné mftize, zabradli
balkonti.

- Ptisné ideologicky program malifské a sochaiské vyzdoby.

- Urbanismus SORELY:

e Obnova tradicnich urbanistickych bloki s nédméstimi
S vySkovymi ¢i jinymi dominantnimi budovami v osach
a pruhledech.

e Dilezitost symetrie a pravidelnosti méstského ptidorysu

e Siroké hlavni bulvary, vedle nich uzaviené a klidné dvory

e Zelen

- Pfirodni, historicky a budovatelsky dekor

- Inspirace lidovou (jiho¢eskou) architekturou

- Barevnost — piskova, okrovd v kombinaci s cervenohnédou
a bilou.[1][6]

Megstskou c¢ast Poruba (1951 — 1955) navrhoval Vladimir Meduna. Ve stejné
dobé se zapocal navrh nového nejmladsiho mésta republiky Havifova. Mélo to
byt mésto reprezentujici socialisticky rozkvét pro jeho mladé obyvatele, ktefi se
prioritné méli zapojit do prace v tézkém pramyslu a v nedalekych dolech.
Pivodné se pocitalo s vystavbou mésta na ,,zelené louce™, coz nebyla zcela
pravda, jelikoz vesnice Sumbark a Bludovice byly pfi¢lenény do nového
uzemniho planu mésta. To mélo za nasledek, ze nékteré z ptivodnich domi byly
,»vykoupeny* a nasledn€ ustoupily nové vystavbé. V prvni fazi vystavby byly
vystavény obytné domy pro délniky tzv. ,brigo§ baraky®, jez mély byt po
vystavbé mésta upraveny a popiipad€ zbourany. Zajimavosti je, ze predesilany
osud téchto domti se naplnil az v letoSnim roce. Taktéz novi obyvatelé mésta
Havifova o pracovnich sobotach vypomahali s vystavbou nékterych budov, napft.
budova ZS Skolni (ptvodné Pionyra). Hlavnim projektantem mésta byl opét
architekt Zdenék Meduna, jenz si do tymu piivedl Zdefika Spacka, Rudolfa
Spacila a Drahomira Machata. V dne$ni dob¢ je tzemni ¢ast mésta Havifova
chranénou pamatkovou zonou, jez je z jedné strany ohraniena lesoparkem, na
druhé strané meandry feky Luéiny, na jihovychod¢ je zona zakonCena u Kina
Centrum. Smérem od Ostravy zahrnuje i zdmek a kostel sv. Anny, coZ nejsou
stavby v Sorela stylu. Dominantou u domu Labuznik, v némz sidlila jedna
z prvnich velkych samoobsluh u nés s bistrem v 1. patie, je obfi neonovy napis.
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Zajimavosti je, ze napis navrhl (nakreslil) samotny architekt Bronistaw Firla,
jenz za néj dostal honorat v podobé jedné 1dhve vina.[4]

Obr. 1: Zrekonstruovany napis Labuznik na zakladé€ originalu od B. Firla

Typickym znakem mésta je $iroky bulvar, uzaviené dvory, diraz na symetrii,
hojna vyzdoba a zeleil. Dokonce byl i zaclenén potencialni obchvat centra po ul.
Na Nabfezi, jenz se v praxi projevil jako nedostatecny, jelikoz soucésti je
i prudka zatacka, kde by kamionova doprava méla problém.

Obr. 2: Porubské podloubi (vlevo) a HI. tfida v Havitové (vpravo)

Od tradicionalniho pojeti stalinské architektury se ustupuje az v poloviné
50. let, zejména v souvislosti se smrti J. V. Stalina (1953) a kritikou Kultu
osobnosti.

2 Vyuziti architektonickych prvki ve vyuce

Jiz v uebnici Uzitného rysovani z roku 1931 od BoZeny Ritschlové-Vaneckové
se vyskytuje prakticka kapitola O uzitnych vzorech. Vzhledem k tomu, Ze na nasi
univerzité pfipravujeme budouci ucitele a napomahame jim i s pfipravou a
tvorbou ruznych projektd, vznikla mys$lenka jiz v dob& pandemie jak Zaky a
studenty dostat ven. V ramci riznych projektovych dni jsme navrhli projekt
Poznavam své mésto z pohledu geometrie a vybér pro ilustraéni zadani
jednozna¢né padlo na mésto Havitov. Diivody byly hned dva, jelikoz studenti
maji vnimat svét kolem sebe a méli by aplikovat své ziskané znalosti na realné
situace a druhy divod je nepopularni oblast geometrie. S vyuzitim modernich i
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klasickych rysovacich pomticek jsme se rozhodli zakim pfiblizit zajimavosti
jejich mésta. Tuto koncepci lze samoziejmé aplikovat na libovolny styl. Ulohy
miZzeme pojmout nejen z pohledu konstrukéniho, ale i z pohledu procvi¢ovani
odhadu. Dalsi z moznosti je, Ze ucitel si pfipravi pracovni listy a zaci nasledné
dorysuji dané objekty.

Uloha 1. Na zakladé ptilozené fotografie vytvoi konstrukei obloukového §titu.

Obr. 3: Ptiloha k zadani

Ulohu lze jiz zaélenit do oblasti M-5-3-01(narysovani a znazornéni zakladnich
rovinnych utvar() az po oblasti M-9-3-06 a M-9-3-08, pod které jsou zaclenény
konstrukce rovinnych utvarti a zobrazeni soumérnych tGtvart. Zak si pfi navrhu
konstrukéniho feSeni uvédomi spojitosti mezi jednotlivymi geometrickymi
utvary a symetrii. Ucitel miize danou ulohu vyuzit jako motivacni tlohu a
vysvétlit zakiim princip a vyuziti §titd. Uskali materiala se vyskytuje ve faktu,
ze fotografie jsou ziskavany pod danym thlem a dochazi k deformacim, coz
muze vést u mladsich zakt k mystifikaci.

Obr. 4: Ukazka mozného feSeni dané tlohy
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Uloha 2. Nalezni ve svém okoli tympanon, zrekonstruuj a popi§ polohy
jednotlivych utvart, které se v ném vyskytuji.

»T'ympanon oznacujeme vyzdobu v plose Stitového nastavce. Trojihelnikova,
polokruhova nebo segmentem (obloukem) vymezena plocha Stitu nad pracelim,
portalem nebo oknem. Architektonicka ¢ast nastavce rizné velikosti se nazyva
fronton, zatimco tympanonem rozumime piedevs$im reliéfni vyzdobu plochy
vymezené zpravidla profilovanou fimsou a Stitovymi rameny. V lidové
architektufe byva také u zdénych vjezda do dvora.“ [3]

Obr. 5: Tlustrace vzajemné polohy kruZnic a pfimek v tympanonu

Ulohu je mozné zaélenit do vys§ich ro¢nikti a propojit mezipfedmétove
S vytvarnou vychovou, popiipad¢€ i zaClenit jako vystup v ramci ocekdvanych
vystupti z oblasti VV-9-1-03 (uzivani prosttedkil pro zachycovani jevi). Zak si
uvédomi spojitosti mezi soustiednymi kruznicemi a te¢nami ke kruznici. Zak
mize vyuzit softwaru GeoGebra, nahrat jeho ziskanou fotografii na pozadi a
naslednd zrekonstruovat tympanon. Ulohu lze také vyuit zpsobem, kdy
konstrukce je prvné navrzena a nasledné pomoci rozsifené reality v terénu
pritazena k danému tympanonu.

Uloha 3. Vytvof trojrozmérmy model &asti Lunetové fimsy u spolecenského
domu Radost.

Lunetovou fimsou nazveme podstfesni fimsu podporovanu c¢astmi kiizové
klenby ve tvaru lunet nebo polovinou valené klenby s drobnymi lunetovymi
kapémi.[2] Kulturni dim Radost je z architektonického pohledu jedna
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z vyznamnych budov, ve které puvodné sidlilo i kino, v divokych dobach
porevoluénich kasino a nasledné bylo zpét vraceno ke svému ptivodnimu uéelu.

Obr. 6: Kulturni dim Radost (vlevo)
a detailni fotografie lunetové fimsy (vpravo)

Uloha je uréena pro studenty stiednich $kol a miize byt vyuzita i v ramci
deskriptivni geometrie, kde studenti nebudou tvofit 3D model, ale zadani mize
byt upraveno pro Mongeovo promitani. V ramci feSeni ulohy byla vyuzita
GeoGebra 3D, ve které byl vytvoren dynamicky trojrozm&rny model (Obr. 7)

Obr. 7: Model ¢asti lunetové fimsy s vyuziti kiizové klenby

Fotografii 1ze vyuzit i z pohledu zobrazeni kruznice ve stiedové kolineaci, jelikoz
kruh nebo ¢ast kruhového oblouku se zobrazi jako regularni kuzelosecka nebo
jeji casti. Regularni kuzelosecky se lisi podle poctu nevlastnich bodld. Ve
stiedové kolineaci jim fikame ub&€zniky a lezi na ib&éznici. Diky tomu plati, ze:
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e Nema-li kruznice s ub&znici zadny spole¢ny bod, pak je obrazem
kruznice elipsa.
e  Ma-li kruznice s ub&znici pravé jeden spolecny bod, pak je obrazem
kruznice parabola.
e Ma-li kruznice s Ub&znici dva ruzné priseciky, pak je obrazem
kruznice hyperbola. [5]
Poptipadé Ize demonstrovat, ze v osové afinité bude obrazem elipsa.

Dalsi ulohy mohou byt zaméfeny na popisy kiivek, které byly vyuzity na
ozdobnych mtizich ¢i fasadnich vyzdobach domi.

Obr. 8: Ozdobna mftiz v prijezdu domu (vlevo)
a ukazka fasadni vymalby (vpravo)

3 Zavér
Celkové se jedna o velmi zajimavou problematiku, kdy fantazii uéitelt i zaku se
meze nekladou. Ulohy lze rtizné modifikovat a divergovat na pozadovanou
uroven. Vyuziti architektonickych prvkil ve vyuce geometrie na vsech stupnich
Skol mlze vést k odstranéni neoblibenosti geometrie u nékterych zaka a
poukazani na vyuziti jejich znalosti a dovednosti v praxi. Taktéz je velmi
uzitecné se spojit v ramci mezipfedmétové spoluprace a ¢astecné praci zaclenit
do vytvarné vychovy, kterou zaci nevnimaji za stresovou, ale spiSe za predmeét
relaxacniho typu. Podobné projekty oceni rodice i zaci, kteti se mohou vydat do
terénu a za pomoci zékladni techniky, kterou maji k dispozici, pofidi pozadované
fotografie, se kterymi nasledné mohou pracovat v digitalni nebo tisténé podobé.
V letosnim akademickém roce byl v ramci vyuky Konstrukéni geometrie
zadan vystup na téma Architektonické prvky a jejich zaclenéni do vyuky
geometrie. Prvotni nadSeni nebylo velké, ale pifi upfesnéni zadani bylo
akceptovatelné a motivaéni pro studenty ucitelstvi.
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Abstract. Subdivision is a well-known and established method for
generating smooth curves and surfaces from discrete data by repeated
refinements. We describe modifications of a nonlinear method for
constructing a sequence of refined polygons, which starts with a
sequence of points and associated normals. The newly generated points
are sampled from conics which approximate the given points and the
corresponding normals according to the proposed refinement rules.

Keywords: nonlinear subdivision, conic sections, approximation, ellipse.

1 Introduction

Subdivision has been one of the most efficient ways for curve and surface
design in computer graphics, with successful applications in computer an-
imation (e.g., film production) and the video game industry in particular.
Refinement is a method for generating smooth curves and surfaces from
discrete data by repeated refinements.

Subdivision schemes are divided according to the way of obtaining
refined data into linear and nonlinear. The most common and oldest sub-
division schemes are based on linear refinement rules, which are applied
separately to each coordinate of the control points, and the analysis of
these schemes is well understood. Since the resulting limit curves are not
sufficiently sensitive to the geometry of the control polygons, there is a
need for subdivision schemes. Such schemes take the geometry of the
control polygons into account by using nonlinear refinement rules and are
known to generate better limit curves. The author Marcel Makovnik deals
with nonlinear schemes of surfaces in the article [2]. Nonlinear methods
offer enough problems to solve. The case of curves is covered by the results
of U. Reif, E. Lipovetsky, N. Dyn, J. Wallner and others. Results in the
field of nonlinear schemes are offered by the authors P. Chalmoviansky
and B. Jittler [1], Jian-ao Lian [3], E. Lipovetsky and N. Dyn [4].

In our work, we study nonlinear subdivision methods curves using
conic sections. We present a new nonlinear method. In the beginning,
we are given discrete data forming a curve (a piecewise polygonal line in
parts). Subsequently, the curve is refined either by adding new points or
by modifying the original points of the curve. The goal of refinement is
to obtain a curve with the desired properties in the limit and its approx-
imation after a sufficiently large number of refinements. The resulting
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curve can either interpolate or approximate the original data according
to the choice of calculation of the new conic section or according to the
application of the input data.

2 Steps of the proposed new nonlinear subdivision
scheme

We describe a new method for constructing a sequence of refined polygonal
lines.
1. In the beginning, we have a sequence of points and normals {(p;, 7i,, ) }-

2. We look for the conic section for every three consecutive points and
two corresponding normals to the points.

3. The newly generated points are sampled from the conics which ap-
proximate the given points and the corresponding normals according
to the proposed refinement rules.

4. In each iteration, the total number of points is (roughly) doubled.

5. It is an approximation method.

3 Fundamental step of the proposed construction
Consider three different points p;_1, p;, pi+1 € R? with associated normals
Tpi 1y Tpiyy € St associated to the points p;_; and p;.1, respectively.
We construct a conic

gi(z,y) =0,
where
gi(z,y) = a;2® 4+ 2b;xy + ciy® + 2d;x + 2e5y + fi,  aq, by, iy diy e, fi € R,

which minimizes the objective function

Fi(ai, b, ciydiyei, fi) = gi(pi—1)* + gi(0i)* + gi(piv1)*+
17 9i(pie1) = Tip, P + | 7 gi(pi1) — ip,, |12 (1)

Fig. 1: First and second step of a new nonlinear subdivision scheme.



Nonlinear subdivision schemes using conic sections 91

The task is to find

arg Fi(a;,bi, ¢, di, e, fi),

min
ai,bi,ci,die;, fi€R
hence, to solve a system of linear equations with unknowns a, b, ¢, d, e, f

OF,  OF, _OF, _0F  0F _
050 =050 ~ Ve —Ogr =0 @

oF;
8&,’ a 07 861 B

The solution of (2) is invariant with respect to Euclidean transfor-
mations. Therefore, we suppose the following choice of the coordinate
system

pi-1=(=7,0), pi=(r,0), pit1=(m,n) 3)
where n > 0, r > 0 and

fii—1 = (cosm,sinn), 7i;41 = (cos,sin @) (4)
for n, ¢ € R. Any three non-identical points with given associated normals

can be mapped to this situation using a Euclidean transformation, see the
figure 2. The problem (2) has a unique solution and that

—(cos(n) —cos(¢)) ,_ ~(sin(n) —sin(9))

@i = 4r ’ - 4r ’
(mn)
1 [
(—r,0) (r,0)

Fig. 2: Local coordinates for analyzing the conic fit.
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C; —
B (m? cos(p)—m? cos(n)+72 cos(n)+r* cos(n)—r2 cos(¢)—r* cos(¢p)+2mr cos(n))
An2r(r2+1)
_ (2mr cos(¢)—2mn sin(n)+2mn sin(¢)+2nr sin(n)4-2nr sin(¢)+2nr° sin(n))
4n2r(r2+1)
. (2nr3 sin(¢) —m2r? cos(n)+m2r? cos(¢)—2mnr? sin(n)+2mnr? sin())
4n2r(r2+1) P
p cos(n) + cos(¢) sin(n) + sin(¢) I rcos(n) — rcos(¢)
= &= ————, [;i= .
A(r2+ 1) 4 4
If
aic; —b?=0 = g is a parabola,
aic; —b2>0 = g is a ellipse,
a;c; —b? <0 = g, is a hyperbole.
Let
n—¢ n+¢
= = . 5
a=120 g tt )

After substituting into equation (3) we get

ae, —pp — _ (Zsinacosf)?
! 1672
4r cos a(m cos B—n(r2—1) sin B)+2 sin a((r?41) sin B(m>—r2)—2mn cos B)

16n2r2(r2 + 1)

(—2sinasin j3)

By analyzing this expression, we will know what kind of conic we get
during refining.

4 Refining process — the newly generated point

Let us focus on the case when we get an ellipse during refinement. A new
point is obtained from the intersection of the line [ and the ellipse, where
the line [ is the axis of the line segment of two different adjacent points

1 1
Lra = opi+ gpirt + Hpiv1 — pi)t teR (6)
This step is shown in figure 3. Through this intersection, we get two
new points, we choose the one that is closer to the given points, see the
figure 4 on the left. Then the new normal is determined by the normal of
the conic, see the figure 4 on the right.
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/,\?i-s— 1

—
4 npi,+1

gl
3 Nlp; 4

Pi—1

Fig. 3: Input data on the left and a process of generating a new point on
the right.

Pi+1

Pi-T Np;_q Tpo;

Fig. 4: Selecting a new point during refining and determining the cor-
responding normal.

5 Example on given random input data

Consider five consecutive points with their corresponding normal vectors.
Let us choose these points and the normals from the set of points and
normals when we get an ellipse during refinement. It is obvious that
during refinement there may be a case when we obtain a different type
of conic section, for example, a hyperbola or a parabola. If such a case
occurs, we adjust the input data in the next iteration so that we get an
ellipse. Several other iterations are shown in figure 5.

6 Conclusion

This paper presents a new nonlinear refinement method using conic sec-
tions. We have described the individual steps of the refinement algorithm
using conic sections. And we have shown how to find a solution to a sys-
tem of linear equations (2), with the help of which we can determine the
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Fig. 5: Iterations using ellipse

prescription of a given conic section during refining. We visualized several
iterations on random input data.

In future work, we want to expand the proposed method using all
types of conic sections and look at the smoothing of the limit curve. We
will try to design an efficient way of selecting a new point and we will
extend the scheme to include weights of points and normal vectors.
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Abstract. We describe a new method for approximating an implicit
surface F by a piecewise-flat triangulated surface whose triangles are as
close as possible to equilateral. The main advantage is improved mesh
quality which is guaranteed for smooth surfaces. The GradNormal algo-
rithm generates a triangular mesh that gives a piecewise-differentiable
approximation of F, with angles between 35.2 and 101.5 degrees. As
the mesh size approaches 0, the mesh converges to F through surfaces
that are isotopic to F. The complete version of the paper is available
at [1].
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1 Uvod

V tomto ptispévku chceme seznamit s novou metodou aproximace impli-
citni plochy F' pomoci po ¢éstech rovinnych trojihelnikovych ploch tak,
aby tyto trojuhelniky byly co nejblize rovnostrannym. Hlavni vyhodou je
lepsi kvalita sité, kterd je zaruc¢ena pro hladké povrchy. Algoritmus Grad-
Normal generuje trojihelnikovou sit, ktera poskytuje po ¢astech diferen-
covatelnou aproximaci F. Jak se velikost sité blizi k nule, konverguje sit
k F prostrednictvim ploch, které jsou izotopické s F'. Te¢né roviny Grad-
Normal sité konverguji k teénym rovinam diferencovatelné implicitné za-
dané plochy F' C R3, pficemz vnitini tihly trojihelnikii GradNormal sité
jsou z intervalu [35.2°,101.5°]. Tyto dhlové meze byly disledné stanoveny.
Kompletn{ verze ¢lanku je k dispozici na [1].

2 GradNormalova sit’

Studujeme problém aproximace plochy v R? pomoci sité, kterd ma op-
timalni thlové vlastnosti. Pfi vypocétech vychazejcich z ploch zadanych
pomoci jejich sité je ¢asto nezbytné, ale obtizné se vyhnout tzv. ” tiiskam”,
neboli trojihelnikiim s thly blizkymi nule. Spatné tvarované trojihelniky
mohou z numerickych duvodu zpusobit selhdni algoritmu na takto za-
danych plochach.
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Hledani pravidelné sité, jejiz trojihelniky se blizi te¢nym prostorum
daného povrchu, vede ke dvéma protichudnym cilim. Jednim cilem je, aby
se trojuhelniky co nejvice blizily rovnostrannym, a druhym cilem je, aby
se sit diferencovatelné piizptisobovala plose tak, aby se jeji teéné roviny
blizily te¢nym rovinam plochy.

Piiklady siti vytvofenych algoritmem GradNormal pro implicitné za-
dané plochy definované jako mnoziny explicitné zadanych matematickych
funkei v jednotlivych trovnich jsou uvedeny na obrazku 1. Jsou ziskany
dlazdicovanim jednotkové krychle pomoci 869 652 Ctyfstént a zobrazeny
pomoci programu MeshLab. deaje o tom, jak se tyto thly zlepsuji s tim,
jak je dlazdicovani jemnéjsi, najdete na obrazku 1.

ky Om Oy vertices faces
0.57 | 10.9° | 153.8° 1,336 2,540
0.29 | 22.2° | 129.0° 5,438 10,306
0.15 | 27.8° | 118.8° 21,880 | 41,600
0.08 | 31.7° | 108.9° 87,802 | 166,898
0.8 26.6° | 122.0° 7,318 14,652
0.4 | 29.2° | 113.4° 29,348 55,122
0.2 | 30.8° | 109.4° | 117,878 | 235,772
0.1 33.4° | 104.4° | 471,696 | 943,408

Obr. 1: Tyto sité maji 10 346 (pro genus 2) a 55 122 (pro genus 5)
trojihelnikovych ploch. Maji tihly v intervalech [22.1°;129.0°] (genus 2)
a [29.2°;113.4°] (genus 5).

2.1 Kroky algoritmu GradNormal

Algoritmus GradNormal probiha ve trech krocich.

1. V prvnim kroku se vytvoii sit s ostrymi trojuhelniky, kterou nazy-
vame MidNormal sit. Tento krok je podobny algoritmu Marching Tetra-
hedra, ale s dulezitymi rozdily. Zakladni myslenka obou algoritmi se obje-
vuje v teorii normalovych ploch, coz je mocny néstroj pouzivany ke studiu
ploch na trojrozmérnych varietach. Algoritmus zac¢ind dlazdicovanim pro-
storu R? ¢tyistény pevného tvaru. Pouziva dlazdice étyisténu vybrané tak,
aby optimalizovaly uhly vyskytujici se v koneéné siti. Pruse¢ik povrchu F
s témito dlazdicemi ¢tyfsténu vytvoii aproximaci F' pomoci trojihelniku
a ¢tyfihelnika, jak je zndzornéno na obrazku 2. Ackoli mé velmi dobré
ihlové vlastnosti a poskytuje sif z dvourozmérnych mnohotihelnikt, kters
lezi blizko implicitné zadané plochy, jeji norméalové vektory nesplyvaji s
normélovymi vektory F.

2. Druhy krok zahrnuje projekci vrcholit MidNormal sité na implicitné
zadanou plochu, takze normdlové vektory splynou s normalovymi vektory
dané plochy. Takto vytvofend trojihelnikové sit ma pozadované vlastnosti
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Obr. 2: (Vlevo) Elementdrni{ disky ¢tyfsténu: trojihelniky a étyfihelniky
- tvofi ¢&st normdlové plochy pro algoritmus MidNormal. (Vpravo)
Ctyfstény se sklddaji na sebe a vyplni se prostor.

s vyjimkou bodu valence ¢tyfi.

3. Poté nésleduje jediny krok op&tovného sitovani (nezahrnuje vrcholy
valence ¢tyfi). Peclivou analyzou zkreslen{ thli v rdmci tohoto kroku se
stanov{ vlastnosti deklarované pro GradNormal sit.

2.2 Dalsi deskriptory povrchu

Algoritmus GradNormal pfijimé jako vstup implicitni plochu zadanou
jako mnozinu explicitnich funkci v R? v jednotlivych trovnich, ale i jiné
formy vstupniho zadani ploch.

Pokud je napiiklad vstupem triangulovand plocha (tedy nehladky po-
vrch popsany jako sjednoceni polygondlnich ploch) s nizkou kvalitou sité,
pak existuji postupy pro vytvoreni funkce na R3, kterd pocitd vzdalenost
bodu od povrchu. Pokud vstupem popisujicim plochu je Point Cloud,
metody jako Moving Least Squares a Adaptive Moving Least Squares
vytvareji funkci poskytujici popis dané izoplochy. Tuto funkci pak lze
pouzit jako vstup pro algoritmus GradNormal. To ndm umoziiuje pouzit
tento algoritmus ke zlepSeni sité s nizkou kvalitou dhla.

Jako piiklad jsme zkonstruovali sif Stanford Bunny pomoci algoritmu
GradNormal z puvodni Stanford Bunny sité. Na obrazku 3 vidime rozsah
dhla sité vytvorenych algoritmem GradNormal pii dvou rozlisenich a hly
v puvodni siti Stanford Bunny. Pfi pouziti na nehladky povrch, ktery ma
ve vrcholech ostré rohy a na hrandch zahyby, neplati omezen{ hlu, které
zaruc¢uje GradNormal pro hladké povrchy, a to ani v limité. Presto je
vidét, ze uhly jsou vice seskupeny kolem 60° nez v puvodni siti. Abychom
mohli porovnat rozlozeni ihlu v jednom grafu, byly po¢ty normalizovany
vydélenim trojnasobkem poc¢tu trojihelnikovych ploch, tedy 348 162 pro
sit GradNormal s 6 748 416 étyistény a 1 400 310 pro sit GradNormal s
52 931 340 ctytstény. Obé sité GradNormal maji velmi podobné rozlozeni,
vétsina 1hli se pohybuje mezi 40° a 80°, zatimco pivodni Stanford sit
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= GradNormal with 6,748,416 Tetrahedra ® GradNormal with 52,931,340 Tetrahedra = Original Stanford Bunny

0.100

Gradnormal with 52,931,340 Tetrahdera

0.075

Gradnormal with 6,748,416 Tetrahdera

0.050

Hustota

Original Stanford Bunny

0.025

20 40 60 80 100 120 140 160 180
Uhly (stupnd)

Obr. 3: RozloZen{ ihli pro pivodni sit Stanford Bunny a pro GradNormal
sité Stanford Bunny ve dvou rozliSenich.

méla mnoho Ghla blizko 30° a 90°. Kéd pouzity k vytvoreni téchto obrazka
je k dispozici na adrese na GitLabu [2].

3 Zaver

Predstavili jsme novy algoritmus pro aproximaci izoploch. Mezi hlavni
vyhody patii jednoduchost algoritmu, rychly béh, mald spotieba mista a
zarucend vysokd kvalita trojuihelniku pii aplikaci na hladky povrch. Ex-
perimenty s povrchy definovanymi jednoduchymi matematickymi funk-
cemi ukazujf, Ze vysledna sif ma rozumné ihlové meze i pii pouZiti hrubé
dlazdice ¢tyfsténu a ze zarucené thlové meze [35,2°;101, 5°] pro sité apro-
ximujici hladké povrchy jsou dosazitelné pii pouziti dlazdice praktické ve-
likosti. Nevyhodou algoritmu GradNormal je, stejné jako u jinych metod
zalozenych na pravidelnych sitich, Ze neni piizpusoben lokalnim vlastnos-
tem povrchu. Zejména ostré rysy, thly a rohy nemusi byt timto postu-
pem zachyceny, a pokud je GradNormal aplikovdn na nehladké povrchy,
pozadované thlové meze neplati.
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Abstract. The paper deals with the basic principles of constructing
planimetric geometric figures in the dynamic geometric environment
of GeoGebra, with an emphasis on preparing students for their
correct execution. It is primarily devoted to the use of the GeoGebra
infrastructure for the realization of Euclidean constructions; the editing
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1 Uvod

Clanek se vénuje zékladnim principiim tvorby planimetrickych dynamic-
kych konstrukei v prostfedi programu GeoGebra (geogebra.org). Duraz
je kladen na nezbytnost piipravy zaku na specifika prace s dynamickym
geometrickym programem (DGS). Jak ukazuji osobni zkuSenosti autora
¢ldnku a jeho kolegu ze zékladnich skol [3, 5], stejné jako poznatky za-
hrani¢nich odborniku [7], pfechod od klasického rysovani tuzkou na papir
k rysovani v programu dynamické geometrie pfinasi zménu paradigmatu,
se kterou je tieba ve vyuce pocitat. Clanek nabiz{ feseni ve formé jed-
noduchych adaptaénich konstrukénich tloh, k jejichz zadani je pouzito
prostiedi GeoGebra Classroom (GeoGebra Trida) [2] umoziujici uciteli
poskytovat zakum okamzitou zpétnou vazbu.

2 Dynamicka geometricka konstrukce

Klicovou vlastnosti dynamické geometrické konstrukce, kterd mé zjevny
didakticky potencidl, je zachovani vlastnosti danych zadanim ulohy pfi
libovolné manipulaci s jejimi nezavislymi body. Hovoiime o tzv. robustni
konstrukei [4, 7).
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2.1 Robustnost konstrukce

Pojem robustni konstrukce (robust construction) pro konstrukci sestro-
jenou v programu dynamické geometrie, kterd zachovava své vlastnosti
pii tazeni nezévislych bodu mysi, pouzivd Collete Laborde v ¢lanku [4].
Protikladem robustni konstrukce je v tomto ¢lanku mékkd konstrukce
(soft construction). Jednd se o pojem, ktery je chdpén pozitivne, jako
zamérné pouzitd konstrukce s danym vzdéldvacim cilem. Pro potieby
naSeho ¢lanku, ktery sleduje linii zakovych miskoncepci vznikajicich pie-
nosem praktik ruéniho rysovani do programu dynamické geometrie, je

od oka. Piiklad robustni konstrukce v programu GeoGebra, konkrétné

D @

Obr. 1: Robustni konstrukce

konstrukce osy dané usecky AB, je predstaven na Obr. 1 (kliknutim na
popisek obrazku lze oteviit piislusny applet, plati i pro dalsi obrazky).
Konstrukce je provedena eukleidovsky, podle prvnich tii Eukleidovych po-
stuldtu, viz [1], nikoliv pomoc{ pifslusného néstroje Osa usecky nabizeného
programem. Robustnost se projevuje zachovanim sestrojené osy tsecky
AB, bez ohledu na pfremisténi bodu A, B mysi. Piiklad konstrukce stejné

CDND

Obr. 2: Konstrukce od oka

dlohy od oka je zachycen na Obr. 2. Po pfetazeni bodu A, B mysi se
konstrukce ,rozpadd®, puvodné osa tsecky jiz neplni tuto roli. Pfic¢inou
nedokonalosti této konstrukce je skutec¢nost, ze jeji autor neni obeznamen
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se specifiky konstrukce v prostfedi DGS. Misto aby respektoval vztahy
incidence a prislusné objekty spolu striktné provazoval tak, ze by k de-
finici novych pouzival prusec¢iky téch stavajicich nebo volné body dané
zad4nim tlohy, nové objekty umistuje do ndkresny pouze od oka, jako vice
¢i méné nezavislé na zadani ilohy. Vysledny dynamicky obrazek potom ne-
odrazi geometrické vztahy dané zadanim a konstrukei lohy, ale je tvoren
souborem zcela nebo ¢astetné nezavislych objektu. V pripadé konstrukce
na Obr. 2 tak jsou obé kruznice pouze zdanlivé vedeny krajnimi body
usecky AB, a domnéla osa pouze zddnlivé prochdzi jednim z pruseciku
téchto kruznic. Nedostatky konstrukce od oka se projevi po premisténi
nezdvislych bodu konstrukce (GeoGebra nezavislé body kresli modre, za-
vislé ¢erné).

2.2 Adaptaéni ulohy

Praxe pouziti DGS s zaky zakladnich a stfednich skol i se studenty ucitel-
stvi matematiky ukazuje, ze tvorba robustnich konstrukei pro fadu z nich
neni samoziejma a je tieba je na ni pfipravit. Ackoliv se jednd o generace,
které vyrustaly obklopeny digitalnimi technologiemi, piechod z papiru
do prostiedi DGS pro né neni automaticky. Potvrzuji se tak slova D.
Willinghama “Technology changes everything ... but not the way you
think.” [8] Jako vhodny prosttedek adaptace zdku na konstrukce v di-
gitdlnim prostiedi se osvédéily eukleidovské konstrukce, idealné zadavané
v prostiedi GeoGebra Classroom [3].

2.3 Priiprava prostiedi GeoGebry

Eukleidovskymi konstrukcemi rozumime konstrukce provadéné podle prv-
nich ti{ Eukleidovych postuldtu, viz [1]. Je proto vhodné, pfipravit si
prostfedi GeoGebry tak, aby nabizelo pouze néastroje potifebné pro tyto
konstrukce, viz Obr. 3. Pouzijeme k tomu volbu Nastavit panel ndstroju
z hlavni nabidky programu.

A O Q
Obr. 3: Nabidka néstroju omezend pro eukleidovské konstrukce

2.4 GeoGebra Classroom

Jednoduché eukleidovské konstrukce, naptiklad sestrojeni osy wsecky, kol-
mice z daného bodu na primku nebo rovnobézky danym bodem s danou
primkou je idedlni zaddvat v prostiedi GeoGebra Classroom [2]. Muzeme
v ,,pfimém prenosu® sledovat postup fesSeni jednotlivych zaka a bezpro-
stfedné s nimi interagovat. Pro vyuzit{ tohoto prostiedi je tfeba vytvoreny
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material ulozit na portdl geogebra.org. Tim naSe péte o soubor ale ne-
konéi. Jesté musime aktivovat zobrazeni panelu ndstroju u appletu, po-
moci rezimu Upravit aktivitu — Pokrocilé nastaveni ... Kdyz applet vypada,
jak potfebujeme, ulozime ho a stiskneme tlacitko Vytvorit tridu v pravém
hornim rohu okna, v némz je applet zobrazen.

3 Zaver

Ackoliv je velmi ldkavé citovat ruzné experty na vzdélavani v 21. stoleti,
ktefi operuji s tvrzenim, ze pouziti pocéitate je pro soucasnou mladou
generaci prirozené, viz napf. M. Prensky a jeho pojem “digital natives” [6],
praxe, stejné jako poznatky kognitivni psychologie [8] ukazuji, Ze abychom
mohli ve vyuce matematiky tézit z pouziti pocitace, je tfeba stdle vénovat
nélezitou pozornost propedeutice.
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Abstract. Interpolating B-spline curve is a piecewise polynomial
curve passing through a set of given definition points. In our case, the
interpolation curve of the fifth degree is constructed to respect the unit
normal vector at each definition point. Definition points and normal
vectors are obtained by means of real measurement on a coordinate
measuring machine.

Keywords: Interpolation, B-spline curve, NURBS, curve reconstruction

1 Introduction

According to the result requirements, curve reconstruction from a data
point set is solved by interpolation or approximation methods [1]. In
our case, input data was obtained by tactile measurement on freeform
surface and the resulting curve is expected to pass through the measured
points. This tactile measurement was performed on coordinate measuring
machine (CMM) Zeiss Xenos and the result of this measurement contains
not only the coordinates of points on the surface, but also the coordinates
of the unit normal vectors of the surface at these points. The normal
vector at each measured point defines the normal line and the tangent
plane of the surface and gives an important information about the shape of
the surface (and the curve on the surface) in the immediate neighbourhood
of this point, fig. 1. This contribution is focused on the development of
such interpolation curve that respects the given normal vectors as its
principal normal vectors at the given points.

The paper is organized as follows. In section 2, the basic properties
of clamped uniform B-spline curve are mentioned and the reasons for
choosing the fifth degree of this curve are described. An example of such
an interpolation curve and its construction is given in section 3. Section
4 summarizes the proposed interpolation method and suggests possible
modifications of this procedure.

2 Interpolation B-spline curve

One specific subset of NURBS curves [2] consists of so-called clamped
uniform B-spline curves [3], that are non-rational approximation curves
given by control points. In this paper, uniform clamped B-spline curve of
p-th degree is considered, as they are CP~! continuous and it is possible
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Right [+

L*\;

Fig. 1: Visualisation of measured points with normal lines and tangent
planes

to decompose them into the Bézier segments [4], fig. 2. Consequently,
these curves can be supposed as an interpolation B-spline curves, because
they interpolate a set of their Bézier segment endpoints and fulfill the
continuity condition. In our case, the points measured by CMM define
the endpoints of Bézier segments (hereinafter reffered as definition points)
and a clamped B-spline curve that preserves the given normal vector at
each definition point is constructed by means of decomposition of this
interpolation B-spline curve into the simple Bézier segments.

Thus, for clamped uniform B-spline curve of degree p, (p > 3) given
by n control points P;, i =0,...,n— 1,(n > p+ 1), each Bézier segment
kj, 7 =0,...,n — p of decomposition is defined by p 4+ 1 control points
Vij ,¢ = 0,...,p. The relative position of each six neighboring control
points ‘ ‘ ‘ A ‘

Vi Vi VIV v g
of two subsequent segments k/ and &/t j = 0,...,n — p — 1 is unam-
biguously given by C? continuity conditions

Vit = v, it = vl eVl v Vit = v, v v
0 p> 1 p—1 p—1"p> V2 p—2 p—1Vp -

Adding a condition of a given normal vector at point ij = Voj 1 has a

strong effect to location of control points ij—l and V7', because they
define the tangent vector at this point and therefore they have to lay in
tangent plane at endpoint. Hence, the degree p (and number p + 1 of
control points of each Bézier segment) plays a key role in the construction
of this kind of interpolation curve.
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Top [

Q5=P7=v;

Fig. 2: Decomposition of clamped uniform B-spline cubic curve into Bézier
cubic segments

2.1 Degree of interpolation curve

In case p = 3 (that is a minimum curve degree to ensure appropriate
C? continuity), there is impossible to arrange control points of Bézier
cubics to respect the given normal vectors, because the location of all
control points is given by C? condition and is mutually dependent. This
fact results not only from the properties of Bézier curves, but can also
be derived from the system of equations for individual segments of the
interpolation curve. The same result is reached for degree p = 4, when
C? condition combined with additional condition of normal vectors causes
an unsuitable connecting of all control points and therefore uncontrollable
shape of curve.

Degree p = 5 leads to the interpolation B-spline curve composed of C?
continuously joined Bézier quintic i.e of the fifth degree curves. Six control
points for each segment is minimum amount to preserve the given normal
vectors and to prevent unwanted dependence of positions of all control
points. On the other hand, this amount allows variability of interpolation
curve and gives possibilities to modify the shape of the result curve. In
the following section, an example of construction of quintic interpolation
B-spline curve is described.

3 Quintic Interpolation B-spline curve

To define a quintic interpolation B-spline curve that passes through m,
(m > 2) measured points Q;, j = 0,...,m — 1 and satisfies the normal
vector condition, the location of the control points Vj and V{™' of two
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neighboring segments &/ and k’*!, j = 0,...,m — 2 is not clearly given.
There is only one condition to be preserved: these points have to be placed
in tangent plane of surface (at point Q; = V5j_1 = Voj, j=1,...,m-2).
3.1 Example

In neighboring of inner definition points @;, j = 1,...,m — 2, points V4j7
V/™! are arranged on perpendicular projection of line Q;_1Q;41 to this
tangent plane and satisfy

ViQ; | = QWi | =

1 (| Qj—1Q; | +1QQj+1 |>
5 2 :

Control points ng and szJrl are located on the same line as points V4j
and V™" in tangent plane at Q; point,

VIQ; | =1Q;Vit | =2|V{Q;|=2]Q;Vi"|.

In fig. 3, orange tangent plane at inner definition point, light green per-
pendicular projection of green dotted line connecting two neighboring def-
inition points and red resulting control points of two consequent Bézier
segments are shown.

Isometric [+

Fig. 3: Control points of interpolation quintic curve segments near the
inner definition point

The remaining control points of two outer segments k° and k™2 are
constructed as follows: Control points V¥ and V) are located on the
perpendicular projection of line QgQ to the tangent plane at point Qo,

[ QoVY | =2 1Qo@1 |, | QoVE | =2|QoV! |.
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Control points Y/},m*2 and ‘/47"72 are located on the perpendicular projec-
tion of line @,,—2@Q.»—1 to the tangent plane at point Q,,—1,

| V4m72Qm71 | = % ‘ me2Qm71 |7 | ‘/?,miz | =2 | V4m72Qm71 | .

In fig. 4, all control points and the resulting interpolation curve are per-
formed.

Right [+ Isometric [+

LN

Top [+

Fig. 4: Example of interpolation B-spline curve (red) of the fifth degree
preserving the given normals (purple)

3.2 Shape modification

In a neighborhood of the each inner definition point @);, the shape of inter-
polation curve can be easily modified by a change of location of four con-
trol points V3, V/, V/™" and VJ*'. There are an infinite number of ways
to place the first pair V4j, Vlj 1. Points can be arranged on another line in
tangent plane or their distance from definition point @; = Vg = Vij
can be defined differently from the previous model example. Different
location of the second pair V3, VQJH (not only in tangent plane) allows
another possibility of curve shape modification. These changes can be
variably applied to any number of definition points and the property of
normal vectors will be preserved, fig. 5.

4 Conclusion

The proposed interpolation method using B-spline quintic curve is based
only on conditions of C? continuous joining of two Bézier curves of the fifth
degree. Due to the acceptance of additional condition of normal vectors,
this curve can describe reality more accurately than the commonly used
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Right |+ Isometric [+

Fig. 5: Shape modification (blue) of interpolation curve (red) by another
settings of control points (blue)

interpolation cubic curve because the shape of this curve can be easily
modified. By means of extension to surfaces, this procedure of curve
reconstruction can be applied to create a precise CAD model of measured
surface that respects all irregularities. In metrology, such accurate model
of surface can be used as digital twin (calibrated CAD model) of measured
freeform surface.
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Abstract. Currently, owing to the situation where the use of ICT technologies
is necessary, there is a need for materials and methods suitable for such a form
of teaching. It is also attractive for students when modern technologies are used
in teaching. In the paper, we deal with support means for improving
the teaching of geometry and mathematics, not only through additional and
extended study materials available through the computer, but also through
virtual reality.

Key words: Geometric model, mathematical terminology, corpus, virtual reality

1 Introduction

Geometry should be an essential part of mathematics in education. However,
we are observing the opposite trend, geometry is gradually disappearing from
mathematics lessons. It's not okay. Geometry is precise and exact science. It is
an integral part not only of the scientific and technical world but also of art,
sociology, archaeology, biology and even sports. Its applications point to the
fact that without it we would often fail to solve simple life situations.

That's why we try to make the teaching of geometry and mathematics more
attractive for students by using modern technologies. More and more often,
we encounter the fact that if students can use e.g. computer, tablet, virtual
reality glasses, or even a mobile phone, so teaching is more interesting and
attractive for them. In addition, we should not forget that the correct use of
terminology is part of knowledge and it is very important. By creating online
dictionaries, suitable corpus and search engine on top of it, it is appropriate to
supplement study materials that are also sufficiently accessible to students.

2 Materials and technologies in teaching geometry

New study materials are constantly being created that meet the specific
requirements of the present time. More and more people are moving towards
the online environment. It is certainly correct to use modern technologies in
teaching. Possibilities of additional and extended study materials in the
teaching of geometry and mathematics could be divided into the following
categories :

» Classic texts — scripts, books, workbooks, etc.

» Electronic texts - digitized educational texts, various online

dictionaries, corpuses, etc.
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» Real models — paper, wooden, wire, plastic, etc.
» Virtual models - anaglyphs, virtual reality (VR), augmented reality
(AR)
We will focus on those we can meet in the online environment. And that with
a focus on terminology and the use of virtual reality in teaching.

2.1 Electronic texts

There are many digitized teaching texts, various tasks and topics processed,
for example, in the software GeoGebra. However, online terminological
dictionaries from geometry or mathematics are absent. Using correct
terminology is an inherent part of the mathematical language. Terminological
enrichment and expansion of mathematical vocabulary present a permanent
process in which some words disappear from the vocabulary, others — new ones
— become the part of it.

Within the project KEGA & 0192U-4/2020 The modern approaching and
implementation of mathematical terminology for students of technical
universities, a database of terms is created with a focus on technical
universities. (See [1]). This database will be added to the terminological portal
of the Institute of Linguistics of Pudovita Stura of Slovak Academy of Sciences
in Bratislava, which is published on the webpage [6], see Fig. 1, Fig. 2.
Was made available in 2016 and supported by the Scientific Grant Agency
of the Ministry of Education and Culture of the Slovak Republic as part
of project no. 2/0114/15. Further development of the portal is ensured by
the department of the Slovak National Corpus JULS SAV, within the
framework of the Agreement on pooling funds for the creation and
development of the Slovak National Corpus no. 0323/2017.

085 B|e

Fig. 1: Terminological portal in [6]
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Fig. 2: Terminological collections in [6]

The terms are defined according to relevant sources, the following attributes
are given for each term: name of term, area, definition, source of definition,
related terms, foreign language equivalent. Synonym and note are optional. See
Fig.3. Terms from geometry will be included in the field of mathematics.

Axonometria

matematiia
Axonometria j& rancbeiné premietanie bodoy $E_3$ spoll s praveuhiym soradnicovim
systémom $ (O, x, y, 2)$ do jednej priemetne § p3, pricom sa siradnicové osi
premietaj do trach réznych priamok.

Vajsablovs, M.. Deskriptivna geometria pre GaK, STU v Bratislave, 2008

kalma axonometria, rovncbeiné premietanie

n  Axanometry

Osovd afinita roviny $\olpho$ na rovinu slaisha S

matamatiica

alel \alphs, +

jsablova, M. Deskriptivna geometria pre GaK, STU v Bratislave, 2008
Reguldrna transformicia, osovi kolinedcia

vivalens  Axial affiity

Fig. 3: Terminological database in Excel

2.2 Virtual models

More and more often we come across the fact that it is the virtual world and the
models associated with it that are attractive to students. Among the oldest is
Anaglyph, which uses the distribution of images for the left and right eye into
color components red and green. (See Fig. 4) Subsequently, the 3D model is
created with the help of glasses. This method is again very popular and used
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in teaching, as we can also see for example in [2]. The GeoGebra software also
has an application for creating an anaglyph and this will make it much easier

for us to prepare teaching materials.
- <

) 1 -
W
Fig. 4: Anaglyph

The terms virtual reality and augmented reality are quite often confused, even
though they are different technologies. Virtual reality (VR) is an environment
modeled by means of a computer simulating reality. In Fig. 5 is the model for
conditional extremes of the function of two variables created in [5].

Autor: Przemystaw Kajetanowicz

glx.y) :[0 5(¢ +y?) ]

k(x) =[x’ -2%x-2 ]

9(z,y) =05 (* +¢°)

o -4+ 82+4
(2, k(z)) = ————————

°

Fig. 5: Conditional extremes of the function of two variables (see [5])

Unlike this technology, augmented reality (AR) leaves a view of the real
environment and synthetic 3D graphics are added (see [4]). In Fig. 6 is
the model of intersection of two triangles added to the real world. GeoGebra
implemented augmented reality in the applications GeoGebra AR and
GeoGebra 3D.

Virtual reality enables learners to gain a different perception of the objects
increasing their spatial abilities. In the specific case as the mathematics is,
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the virtual reality allows to see abstract concepts in a three-dimensional
environment which makes them easier to understand, apply.

Fig. 6: Mapping of task in augmented reality — a general view,
horizontal projection, vertical projection (see [3])

The priority of the international project Mathematical models for teaching
three-dimensional geometry using virtual reality (Math3DgeoVR) is
the creation 12 teaching modules, each one with a VR application developed
for the topic. Cooperating universities are Politechnika Lodzka (the main
coordinator), Uniwersytet Slaski — Poland, Universidade de Aveiro — Portugal,
Tartu Ulikool — Estonia, University of Zilina — Slovakia.

The project is addressed to students and academics of all fields
of engineering faculties. We believe that it will be possible to create teaching
materials that will be sufficient for a wide range of students. The developed VR
application is aimed at improving students' spatial thinking and correct
understanding of geometric issues. The mathematics teaching program will be
revised and adapted to the use of a virtual reality application in order to enable,
through simulation and visualization, the strengthening and development
of spatial imagination in geometry and enable students not only to achieve
better study results, but also to better prepare them for practice.

3 Conclusion

The correct use of terminology is conditioned by a correct understanding
of concepts. It is important that terms are used correctly even in the online
environment, and that is why we believe that the addition of terminology from
mathematics and geometry to the Terminology Portal of the Institute
of Linguistics of Pudovita Stara of Slovak Academy of Sciences will help with
this. Considering the overall situation of the society, it is obvious that we will
not avoid modern technologies in teaching.

It's amazing to use all the possibilities, for example virtual reality, that
technological development allows us. It will certainly be motivating for
students and help them to understand some concepts, but we must not forget
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that teacher-student interaction should not only be based on the virtual or online
world.
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Abstract. We provide several examples playing an important role in
the development of the intersection theory for algebraic varieties. The
examples demonstrate a computational approach to the multiplicity
by computation in Chow ring of a variety as well as importance of the
additional approaches such as blowup when the direct computation in
the ring needs to be enhanced.
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1 Introduction

Intersection is a fundamental construction in mathematics. Algebraic
geometry is no exception. Using intersection, one separates objects of
certain kind satisfying additional conditions. If the new conditions are
independent with the previous ones, we get a proper subset. In algebraic
geometry, the conditions are algebraic which means polynomial in some
elements.

The intersection theory was formed throughout the whole history of
the mathematics mainly as a system of particular approaches in partic-
ular situations. Famous calculus published by Hermann Casar Hannibal
Schubert (1848-1911) was able to compute many complex enumarative
tasks in projective spaces. It was still not on strong legs and to find its
rigorous foundation was the 15th Hilbert’s problem at the beginning of
the 20th century.

In order to achieve the goal, a multiplicity of an algebraic subvariety
was required. It was provided by Jean-Pierre Serre (born 1926). Many
approaches have been devised inbetween, applied to challenging problems
also in other spaces, until Fulton(born 1939)-MacPherson (born 1944)
published their approach approximately 40 years ago (see [5]). Several
books appeared, dealing with intersection since then such as [4]. We
follow some computations from this book.

We demonstrate the theory on several problems.

1. Let C, D be two smooth curves of degree d and genus g in P"(C).

How many common chords do they have?

2. Lines (linear subspaces) on a subvariety in P™. Lines on a cubic
surface in P3. Lines on the intersection of two quadrics in P*.

3. Steiner’s problem of five conics
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2 Problem of common secants

The following problem is easy to understand in geometric as well as com-
putational way. Therefore, it is very convenient to start with.

A chord of a curve is a line have at least two points in common with
a curve (including limit cases such as tangent lines).

Problem: Let C, D be two smooth curves of degree d and genus g in
P™(C). How many chords do they have in common?

A solution is given for n = 3. But in terms of Schubert cells, it can be
computed in general.

Let G(1,n) be the set of all projective lines (1-dimensional subspaces)
in n-dimensional projective space over C. Each line corresponds to a point
in G(1,n). We define ¢2(C) C G(1,n) as a subset of all secants of the
curve C. Let p,q € C, p # q and pq be the line defined by them in
12(C). Consider the mapping 7: C' x C — G(1,n) defined so outside
the diagonal. Take the algebraic closure of the image of the 7 (e.g. all
tangents of C' are added). Clearly, (complex) dimension of the image is 2
— all lines passing through a point can be parameterized by points of the
curve C (locally it is given by one parameter) and linearly parameterized
by one more parameter.

The problem is now to find the set of elements and its structure in
¥2(C) N2 (D).

The Grassmannian G(1, 3), formed by all lines in P3, splits into several
structural subsets.

Consider a fixed projective flag Vo C V; € Vo C V3 in P3(C) and the
following subsets of G(1,3).

o All lines intersecting a fixed point V) denoted X9 .

e All lines intersecting a fixed point Vj contained in a plane V5 denoted
2271 .

e All lines intersecting a fixed point V[, contained in a line V; denoted
2272.

o All lines intersecting a fixed line V; denoted X g.

e All lines intersecting a fixed line V; contained in a plane V5 denoted
2171 .

o All lines denoted X .

Since any flag can be rationally trasformed to the fixed flag above, the
varieties ¥, j represent classes in the Chow ring of G(1,3). For X, its
class is denoted o,4. Hence, 0,5 = [Zqp). The codimension of X, is
a + b in G(1,3), which has dimension 4.

The classes 0, form a free base of the Chow ring of G(1,3) as a Z-
module, i.e. with integer coefficients. The addition in the ring roughly
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corresponds to a union of varieties. The multiplication in the ring corre-
sponds to the operation of intersection of varieties.

For the sake of shorter notation o, = 04,0. The table of multiplication
in the Chow ring of G(1, 3) is as follows.

J% = 01,1t 02,
0101,1 = 0102 =021,
0102,1 = 022,

ol, = 03=o022,
01,102 = 0.

Let us come back to the computation of the chord problem. The set
12(C') has codimension 2. Hence, we have

[V2(C)] = aos + foy 1,

due to the codimension of these classes.
Multiplying the equation by o ; and taking degree, we have

8 = deg(o1,1[12(C)]) = #{Z11 N W(C)} = @

since a generic curve of degree d has intersection with generic plane points
P1,---,Pd, they form 3 chords.
Multiplying the equation by o2 and taking degree, we have

d—1
@ = deg(alun(O)) = #(Z 9200} = (1 1) -
since the number of chords through a fixed point to C' can be counted as
the number of nodes of the projection m: C' — P?(C) through the fixed
point, which has value a by a well known formula on counting singularities.
Hence, #V5(C)W¥4(D) = deg(oz + 301.1)? = 10 for twisted cubics.

3 Problem of lines on varieties

The set of lines on algebraic varieties is solved using Fano schemes (glued
algebraic varieties). Fano scheme Fy(X) contains all the k-dimensional
subspaces on X. For lines, k = 1.

In order to use it, we find all varieties of certain degree d containing
fixed line in P*. Let N = ("+d) — 1 be the dimension of the Veronese

d
variety parameterizing all varieties of degree d in P". Let

®={(X,L) ePY xG(1,n): L C X}. (1)
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There are natural projections from ® to PV and G(1,n). The restriction
of defining polynomial of the variety X on a line L is a polynomial of
degree d. Over any line, a polynomial of degree d has d 4+ 1 coefficients.
Hence, the dimension of the set of polynomials of degree d over the line L
is N+1—(d+1)—1. The dimension of the G(1,n) is 2(n—1). Therefore,
the dimension of @ is

N+1—(d+1)—1+2(n—1)=N+2n—d—3. (2)

And we get that general hypersurface X C P™ of degree d does not contain
any line if 2n —d — 3 < 0.

For n = 3 and d = 3, we have a finite number of lines since the
dimension of ® given above is 0. The computation of F;(X) provides the
result. The number of lines on a cubic surface is independent of cubic
surface since any two are rationally equivalent. To compute the number,
it is enough to use the Schubert calculus in a similar way to the previous
example and Chern classes of the G(1,n). In particular on a generic cubic
surface X in P3(C), there are exactly 27 lines.

4 Problem of lines in quadrics intersection

A similar problem is to find all lines in the intersection of quadrics, which
is of degree 4 in general.
Problem: Compute the number of lines in the intersection of two generic
quadrics in P%.

Using Fy(X) for a generic quadric X C P* and computing [F}(X)]? in
G(1,4) with a fixed projective flag Vo C V4 € Vo C V3 C V4, n = 4 and
d = 2, we get from the computation of the previous example that

dim Fy(X) =24 -2 -3 =3,dimG(1,4) = 6.

There are two Schubert cells of codim 3 in G(1,4). They are o3 (all
lines through a fixed point) and o2 (all lines meeting a fixed line in a
fixed hyperplane) with the Chow ring multiplicative relations

2 2
o3091 = 0,03 =05, =1.

Hence, [F1(X)] = ao3 + boa1. Using the above relations, this leads to
the a = [F1(X)]os = 0 (a generic point is not on a quadric), hence a = 0
and b = [F1(X)]oa,1 = 4 which is the number of (complex) lines passing
through two points V1 N (X NV3). Two lines pass through each such point.
Hence [F}(X)]? = 16.

5 Problem of five conics

This problem is famous also as the Steiner’s problem of five conics. Its
solution requires a bit of attention due to obvious singular solutions which
should not be counted. They are also called excess of the intersection.
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Problem: Given five regular conics in general position in P2. Find all
non-singular conics tangent to all of them.

A conic in P? is described as a zero set Z(F) of a quadratic polynomial
F(z,y, 2) = ax? 4+ bxy?® + cy?® + dxz + eyz + f22, uniquely upto a non-zero
multiple. Hence, the space of all conics in the projective plane is Q = P,

We start with forming conditions of being tangent to a conic. All conics
Z(F) containing a point p € P? satisfy a linear condition in a, b, ¢, d, e, f.,
hence they form a hyperplane Hy, in Q.

All conics Z(F) tangent to a line L C P? satisfy a quadratic condition,
hence form a quadric Hy, in Q.

All conics Z(F) tangent to a regular quadric Q C P? satisfy a condition
of degree 6, hence form a hypersurface Hg in Q.

Jacob Steiner (1796-1863) gave a wrong solution 6° = 7776 to the
problem above coming from intersecting Hg, N ... N Hg, for five conics
Q1,...,Qs5. This number includes also double-line singular conics which
are tangent to all conics and in general they should be avoided in the
correct answer. How to achieve this?

The double-lines in P? form a Veronese surface V in Q, which can be
seen from the mapping

(Az + By +C2)? — (A*: AB: AC : B*: BC : C?).

Using blowup Bly P?, we extend the space of conics with exceptional
divisor (hypersurface) E over the non-reduced conics. Taking the inter-
section in the extended space provides the correct answer. However, we
need to compute in the Chow ring of the extended space Bly P°.

The Steiner’s problem requires the intersection of the strict transforms
Hg, of Hp, in the blowup. They do not contain all double-lines, just those
required by the closure of the strict transforms.

A hyperplane H in Q blows up to a hypersurface H. Using classes
in the Chow rings, [H] maps to [H]. A hypersurface of degree d in Q
that does not contain V', maps in blowup to d[ﬁ | in the same way. A
hypersurface of degree d containing V maps to d[H] — n[E], where n
depends on the order of vanishing of the hypersurface along the Veronese
surface V' representing non-reduced conics.

Now, one has to compute that

[fp] = [H], [H1] = 2[H] — [E] and [Hq] = 6[f] - 2[E].

When computing [Hg]?, we need to know the result of several subproblems

[Hp)® = 1, [Hp)'[HL] = 2, [Hp]*[HL]? = 4.

And using duality, we get

[HpP[HL® = 4, [Hp) ' [HL)* = 2, [HL)° = 1.
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Finally, [Hg)® = (2[Hp)] + 2[H1])" = 3264.

There are technical detail which should be written in several more
pages. But I believe that giving the overview of the solution helps to
clarify what is going on in the computation.

6 Future work

We are working on multiplicity decomposition and its geometric inter-
pretation [1],[3]. We are looking for known tools and methods. We
plan to study more structures in algebraic geometry, especially for low-
dimensional objects. We learn more about Chow rings of particular al-
gebraic varieties. Not much is known. We relate the structures with the
result of Schenzel and Boda on local intersection multiplicity [2] and find
the geometric interpretation of them as was already partially done in the
dissertation thesis of A. Bosdkova recently.
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Abstract. This article is focused on the use of models in architecture, shows the
different use of models in the teaching and in the practice of the architect,
different processing possibilities and on examples demonstrates the use of
modern technologies in the creation of models through 3d printing and interactive
computer models in GeoGebra.
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1 Introduction

Models play an important role in the education of future architects. They are an
integral part of working with space, for both design and construction.

Their importance has been known since ancient times when Marcus Vitruvius
Pollio (Roman engineer and architect) mentioned in ,,the Tenth Book of De
architektura” the advantages and disadvantages of both small-scale and full-scale
models. [6].

Since the Renaissance period we have been able to observe a noticeable
increase in the use of models in architecture and engineering. These models have
had different functions, mainly to support and realize the imagination of the new
building and were used as 3D drawings, but at the same time their goal was also
to educate. There are existing documents concerning important public
competitions where competitors had to explain technical solutions with their
models. A model of the Rialto Bridge from Venice can be found in the archives
of Grunsberg Castle (Germany) which has evidence of a technology transfer.

Even nowadays the role of a model is irreplaceable in engineering design and
construction but the processing technologies have changed, we can use laser
cutting, 3D printing, CAD modelling. More details about past, current and future
use of physical models in engineering design is published in B. Addis book
“Physical models” [2].

The major importance of models in the job of an architect is undeniable. We
distinguish two approaches in the use of models in the teaching of descriptive
geometry: first, we explain spatial relationships (primarily in the chapter surfaces
in engineering design); and second, we teach students how to create models for
the presentation of their own designs.
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2 Models in the Educational Process of Future Architects

The first collection of geometrical educational models was presumably created
by Théodore Olivier (1793-1853). He was a former student of Gaspar Monge.
He taught descriptive geometry (in France, Sweden) and designed many models
to teach and demonstrate descriptive geometry, some of which are movable
(string models of ruled surfaces). Collections of his models can be found for
example in The Canada Science and Technology Museum (Ottawa) or in The
Mandeville Gallery, Union College (New York), and in Europe at the Museum
of ISEP (Porto).

Fig. 1: The Olivier String model in the Museum of ISEP, Porto (photo DK)

Also, at the Faculty of Architecture at CTU in Prague, physical models or
pictures are used to support the theoretical lectures of descriptive geometry.
Historical models are not preserved at the faculty, so most of physical models we
work with have been created in this century.

Another possibility to illustrate spacial solutions is to show our own photos
of models from other universities or use materials from DAMM, the Digital
Archive of Mathematical Models, which is a free and open research
infrastructure offered by the TU in Dresden. It provides access to a growing
number of collections worldwide (https://mathematical-models.org).

Changes in society, new technologies and new economic conditions bring
new challenges. We can create interactive models with GeoGebra software, and
can use 3D printing to create new models. The importance of them have not
changed.

So, | would like to introduce our models to you: first an interactive model of
a warped ruled surface in GeoGebra, secondly a construction of a relief and its
3D print.
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2.1 The Skew Arch — GeoGebra Model

GeoGebra software is used at FA CTU Prague for teaching parametrisation of
curves and surfaces. A skew arch as a warped ruled surface could be difficult for
students, so it is necessary to find the easiest location of the directrix.

Fig. 2: The Skew Arch - directrix

Using an appropriate choice of location of directrix and points A, B on them we
received these coordinates for points:

A[0; rcos(t); rsin(t)], t € (0; )
B

Consequently, we can find proper equations of the skew arch:

(2cos()-1)% . 3 ]
4cos(£)-5 ;rsin(t) — s2rsin(t)

t € (0; ), se(0; 1)

o 3 Zcos(t)—l]
[ Is;rcos(t) — sr 4cos(t)-51"

pl(t,s) =

Fig. 3: The Skew Arch - surface

Digital model is available on https://www.geogebra.org/m/tejcgttj.
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2.2 Relief — 3D Print Models

During the summer semester of the school year 2021/22 students of the first year
had to model a relief using CAD and then 3D print. They could choose their
favourite building for it. They were given the freedom of deciding upon their
own approach to the construction of relief perspective. We used three main types
— affine relief, bas-relief, classical relief.

Thanks to the ability to create the relief in CAD (mostly we use ArchiCAD)
and then use 3D printing, the relief can be submitted to the school, a classic
solution with using plaster models is now technically impossible to realise as
there are such a high number of students.

Fig. 4. Affine relief — model of garden house in Krométiz
made by student Taborska

Fig. 5: Relief — CAD model of ventilation towers of Prague metro
made by student Votikova
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Fig. 7: Relief — CAD model of New building of National Museum Prague
made by student VVu
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3 Conclusion

Methods of modelling have changed, the meaning for the education of future
architects remains. Physical models should be replaced by digital ones. 3D
printing and modelling with GeoGebra software could bring new possibilities
and great advantage — sharing.
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Abstract. In this paper deduction of parametric equations of a parabo-
lic conoid is presented. This allows to create a graphical representation
of this surface in the GeoGebra and Maple graphics programs.
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bra, Maple.

Kli¢ovd slova: parabolicky konoid, zborcend plocha, parametrizace,
GeoGebra, Maple.

1 Uvod

Tento piispévek predklada névod, jak lze zobrazit plochu technické praxe,
konkrétné parabolického konoidu, jejim prostorovym modelem v progra-
mech GeoGebra a Maple na zdkladé stanoveni jeji parametrizace. Po-
rovname naroc¢nost prace v téchto programech a kvalitu jejich grafickych
vystupil.

2 Parabolicky konoid jako plocha technické praxe

Parabolicky konoid patii mezi tzv. zborcené plochy, které jsou tvoreny
mnozinou piimek protinajicich tii pevné dané fidici kfivky. Jsou-li dvéma
fidicimi kfivkami piimky, jedna vlastni a druha nevlastni, nazyvame zbor-
cenou plochu konoidem. Nevlastni pfimka je zadana fidici rovinou, s niz
jsou tvorici pfimky konoidu rovnobézné. Konkrétni zadani fidicich kiivek
parabolického konoidu je nasledujici

e parabola P v roviné p = (y,z) s osou v ose z a vrcholem V[0;0; 10]

prochézejici bodem P[0;7;0],

e pifmka [ =« K L rovnobéznd s osou y, kde K[12; —7;4] a L[12;7;4],

e nevlastni pifmka t{dic{ roviny v = (z, 2).

Ze zadani plyne rovnice paraboly P : z = —3?3 Y
usecky KL:x =12, y=k,z2=4, kde k € (—T7;7).

Tvorici piimku p = <> AB parabolického konoidu rovnobéznou s fidici
rovinou v uréime body A € P a B € [l. Zobrazime pouze ¢ast plochy
konoidu omezené tsekem paraboly P nad osou y a tseckou KL, ¢imz se
rozsah na hodnot na ose y zmens{ na interval (—7;7).

2 + 10 a parametrizace
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Ze vztahu M = A+ q - ﬁ pro obecny bod M tusecky AB plynou
parametrické rovnice uvazované ¢asti parabolického konoidu K ve tvaru

10
K= (12q7 k, 49k2(q—1)—|—10—6q), kde ¢ € (0;1), k € (—T7;7).

Obr. 1: Konstrukce tvoticich pfimek parabolického konoidu

Nézorné zachyceni tvaru plochy lze ziskat pomoci fezi vhodné zvo-
lenymi rovinami. Roviny rovnobézné s bokorysnou p s rovnici x =d, d €
(0;12), protinaji konoid v paraboldch Q(y) = (d, Y, 5‘219_460 y? 4+ 10 — g),
kde y € (=7;7). Rovina o kolm4 k pudorysné 7 prochdzejici body K a P
o rovnici y =7 — %x protinad konoid v obecné kiivce 3. stupné
C(q) = (12q, 7—14¢q, 40¢> — 80¢*> + 44 q), kde q € (0;1).

2.1 Vizualizace parabolického konoidu v GeoGebie

Vzhledem k tomu, ze zaddvani piikazu z piikazového fddku v GeoGebie
je do zna¢né miry intuitivni, zatimco pii praci v Maplu je tfeba znat
presnou syntaxi uzitych piikazu a striktné ji dodrzovat, je uziti GeoGebry
podstatné jednodussi nez uziti Maplu. Rovnéz grafické vystupy vypadaji
v GeoGebie lépe nez v Maplu verze 11. Na druhé strané pii zadavani
parametrizace plochy je v GeoGebie tfeba, aby oba uzité parametry byly
omezeny pevinymi redlnymi hodnotami, protoze GeoGebra neakceptuje
funkcionélni zavislost jednoho parametru na druhém. Toto Ize povazovat
za vyrazny nedostatek pii zobrazovani ploch v GeoGebrie, ktery se v Ma-
plu nevyskytuje.

V GeoGebie v nabidce zvolime Graficky nahled 3D a piikazy zapisujeme
do prikazového fadku. Konoid zobrazime piikazem
Plocha(12q, k, 10/49k*2(q—-1)+10-6q,q,0, 1, k,-7, 7). Vykresleni pozado-
vanych kfivek na konoidu provedeme piikazem Krivka, napiiklad konkrét-
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né pifkazem Krivka(6, k,-5/49k"2+7,k,-7,7) vykreslime parabolicky fez
konoidu v roviné x = 6.

S\

7
"

B

o

Obr. 2: Zobrazeni parabolického konoidu v GeoGebte

Nézornéjsi predstavu konoidu lze ziskat animaci, v niz se po kono-
idu pohybuji jeho tvotici tisecky a parabolické fezy. K tomu je tfeba za-
dat dva posuvniky, jez nazveme posl s rozsahem od -7 do 7 pro usecky
a pos2 s rozsahem mezi 0 a 1 pro paraboly. Pohyb kfivek po konoidu pak
generuji pifkazy Krivka(12q, posl, 10/49*pos1"2*(q—1)+10-6q,q,0,1) a
Krivka(12*pos2, k, 10/49 k™ 2*(pos2—1)+10—-6*pos2, k, -7, 7).

Abychom dosahli synchronizace, pii niz tsecky i paraboly , probéhnou*
po konoidu za stejné dlouhou dobu, tedy pii soucasném spusténi po-
suvniku se ukazatelé dostanou z pocdteéni polohy na konec ve stejném
okamziku, je tfeba posuvniky vhodné nastavit. Na obou posuvnicich musi
byt nastavena stejnd rychlost animace a musi se shodovat pocet vykres-
lovanych kiivek. Budeme-li uvazovat 100 dil¢ich poloh vykreslovanych
kfivek, nastavime na posuvniku posl délku kroku na hodnotu 0,14 a na
posuvniku pos2 délku kroku 0,01.

Ptipadné by bylo mozné zajistit soubézny pohyb tvoficich tsecek a pa-
rabolickych fezii po konoidu jedinym posuvnikem pos. Tomu je tieba
prizpusobit nastaveni proménnych ¢ a k. Bude-li hodnota ¢ dana hodno-
tou posuvniku pos s rozsahem 0 az 1, musi pozice proménné k uvnitf
intervalu (—7;7) odpovidat pozici proménné ¢ v intervalu (0;1). Z toho
plyne vztah ‘1’%8 = % = k = 14q — 7. Pohyb tvoficich usecek po
konoidu je dan piikazem
Krivka(12q, 14*pos—7,10/49%(14*pos—7)"2*(q—1)+10-6q, g, 0, 1). Pohyb

parabolickych fezii zajistuje pitkaz uvedeny vyse, v némz misto pos2 pi-
Seme pos.

Mohli bychom také vytvorit animaci, kterda ukazuje vznik parabo-
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lického konoidu I postupnym generovanim tvoficich dsecek mezi f{dici
parabolou P a tsetkou K L. Obecny rozdil vici pfedchozimu postupu
spociva v tom, ze se posuvnik pos pouzije jako mezni hodnota ohranic¢ujici
rozsah proménné v rovnici plochy nebo kiivky.

Pro animaci vzniku konoidu bude rozsah posuvniku pos dan interva-
lem (—7;7) a proménnd k se bude pohybovat v ,plovoucich® mezich od
-7 po aktualni hodnotu posuvniku. Piikaz méa potom tvar
Plocha(12q, k,10/49k"2(q-1)+10-6q, q, 0, 1, k, -7, pos). Chceme-li na zob-
razené Casti konoidu vykreslit napiiklad tsek paraboly v roviné x = 6,
zaddme piikaz Krivka(6, k, -5/49k"2+7, k, -7, pos). Pro tvoric{ tisecku ohra-
nicujici vykreslovanou ¢ast konoidu pouzijeme piikaz
Krivka(12q, pos, 10/49* pos"2*(q—1)+10-6q,q,0,1).

Drobnd potiz nastane, pokud bychom pii vykreslovani kiivky C(q)
chtéli pouzit jeji vySe uvedenou parametrizaci. Hodnotou ¢ = 0 je totiz
uréen bod P[0;7;0] a hodnotou ¢ = 1 bod K[12;—7;4]. Proto je nej-
prve tfeba upravit parametrizaci tak, aby bod K byl poc¢atetnim bodem
a bod P byl koncovym bodem vykreslovaného tseku kiivky C.

Protoze je ¢ € (0;1), provedeme nahrazen{ parametru g vyrazem 1—gq.
Poté proménnou ¢ nahradime proménnou k pomoci pirevodniho vztahu
q= %. Spravné vykresleni kiivky C na ,rozvijejicim se“ konoidu zajisti
piikaz Krivka(6—6/7k, k,—5/343k"3-5/49k"2+3/7k+7, k, -7, pos).

Obr. 3: Animace vzniku parabolického konoidu v GeoGebfte

2.2 Vizualizace parabolického konoidu v Maplu
Fakticky obsah piikaziu uzitych pro zobrazeni konoidu v Maplu je stejny
jako v GeoGebre, rozdilna je syntaxe piikazu.

Zakladni zobrazeni parabolického konoidu K s nékolika jeho tvoficimi
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useckami, ridici parabolou P, parabolou Q v roviné x = 6 a kiivkou C je
déno posloupnosti prikazu

> with(plots) :tl:=thickness=5:bar:=color=red:

> K:=plot3d([12#q,k,10/49%k"2*(q-1)+10-6%q] ,q=0..1,k=-7..7):

> P:=spacecurve([0,k,-10/49%k"~2+10] ,k=-7..7,tl,color=black) :

> 1l:=spacecurve([12,k,4],k=-7..7,t1l,color=black):

> Q:=spacecurve([6,k,-5/49*%k~2+7] ,k=-7..7,t1l,color=blue):

> U_1:=spacecurve([12*q,-7,4*q] ,q=0..1,t1l,bar):

> U_2:=spacecurve([12*q,0,10-6%q] ,q=0..1,tl,bar):

> U_3:=spacecurve([12*q,7,4*q],q=0..1,tl,bar):

> U_4:=spacecurve([12*q,-4, (330-134%q)/49],9=0..1,tl,bar):
> U_b:=spacecurve([12*q,4, (330-134*q) /49] ,9=0..1,tl,bar):

> C:=spacecurve([12xq,7-14%q,40%q~3-80%q"2+44x*q] ,q=0..1,t1,

color=brown) :

> display({k,P,1,Q,U_1,U_2,U_3,U_4,U_5,C},axes=boxed);

Obr. 4: Zobrazeni parabolického konoidu v Maplu

Chceme-li demonstrovat pohyb tvoricich ise¢ek a parabolickych fezu
po konoidu, k uvedené posloupnosti piikazu pridame piikazy

> A_l:=animate(spacecurve, [[12xq, 14*pos-7,10/49% (14*pos-7) "2

*x(q-1)+10-6*q] ,q=0..1,t1,color=coral] ,pos=0..1,frames=50):
> A_2:=animate(spacecurve, [[12*pos,k,10/49%k"2* (pos-1)+10
-6*pos] ,k=-7..7,tl,color=navy] ,pos=0..1,frames=50):

a oznaceni animaci A_1 a A_2 pfipiSeme dovnitt piikazu display.

Pro vytvofeni animace, v niz parabolicky konoid K vznika postupnym
generovanim svych tvoficich tsecek mezi fidici parabolou P a tseckou
K L, pouzijeme posloupnost prikazi, v nichz je parametr k shora omezen
hodnotou posuvniku pos s rozsahem od -7 do 7.
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\%

K:={[12*q,k,10/49%k"2%(q-1)+10-6*ql } ,q=0..1,k=-7. .pos,
style=patchnogrid:

> tl:=thickness=5:bar:=color=red:
U:={[12%q,pos,10/49*pos~2*(q-1)+10-6*ql } ,q=0..1,t1,bar:
U_1:=spacecurve([12*q,-7,4*q] ,q=0..1,tl,bar):

> P:={[0,k,-10/49%k"2+10]},k=-7..pos,tl,color=black:
Q:={[6,k,-5/49%k~2+7]} ,k=-7. .pos,tl,color=blue:
1:={[12,k,4]},k=-7..pos,tl,color=black:
C:

={ [6-6%k/7,k,-5%k"~3/343-5*xk~2/49+3*k/7+T7] } ,k=-7..pos,tl,
color=brown:

> with(plots):

> A_1l:=animate(plot3d, [K],pos=-7..7,frames=80):

> A_2:=animate(spacecurve, [U] ,pos=-7..7,frames=80) :
> A_3:=animate(spacecurve, [P],pos=-7..7,frames=80):
> A_4:=animate(spacecurve, [Q] ,pos=-7..7,frames=80) :
> A_b5:=animate(spacecurve, [1],pos=-7..7,frames=80) :
> A_6:=animate(spacecurve, [C] ,pos=-7..7,frames=80) :

> display({A_1,A_2,A_3,A_4,A_5,A_6,U_1},axes=boxed);

Obr. 5: Animace vzniku parabolického konoidu v Maplu

3 Ukazka praktického uziti parabolického konoidu

Parabolicky konoid je mozné vyuzit pro zastieSeni vchodového prostoru
do budovy. Konoid se dotykd zdi budovy podél usecky KL a je omezen
kiivkou A, kterd je prusecnici konoidu s rovinou « prochézejici iseckou
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PP’ a svirajici s pudorysnou zvoleny thel. Nastaveni ihlu je ddno vol-
bou zaporné hodnoty parametru u, jenz ovliviiuje nédklon roviny a vuci
pudorysné. Prochézi-li rovina « body O[0;0;0], P[0;7;0] a bodem W na
konoidu K se soufadnicemi [12u;0; 10 — 6u|, m4 jeji parametrizace tvar
oz, y) = (v, y, 5524 x), kde © € (12u;0), y € (=T7;7).

Vypoctem v programu Maple je mozné ziskat parametrické rovnice
kiivky A pro k € (—7;7) ve tvaru

12 u(k?—49 2(3 k% u—5k?+245-147u
Alk) = <k2(u49>7 k, — ( k2 uj49 )> ‘

V parametrizaci konoidu K je potfeba nastavit rozsah proménné ¢ tak,
aby byl konoid omezen kiivkou A. Porovnanim jejich z-ovych soutadnic
L , , u(k?—49)
ziskdme dolni mez parametru ¢ danou vyrazem —5——.5".

Pokud jde o rovinu «, vykreslime jeji ¢ast ve tvaru obdélniku, z néhoz
je vyjmuta oblast mezi isekem jeho strany v pudorysné a kiivkou A4 na
konoidu. Jedna se o obdélniky Sy a S3 s parametrizaci (a:, k, 5gi“ x), kde
x € (12u;0) a parametr k je omezen intervalem (7;12) nebo (—12;—7).
Zbyvajici ¢asti roviny « je oblast S; se stejnou parametrizaci, ale s pro-

, 12u (k%—49
ménnou k € (—7;7) a proménnou x v mezich od 12u po %

Pro lepsi predstavu, jak velka plocha je chranéna pred destém v si-
tuaci, kdy destové kapky dopadaji kolmo na ptuidorysnu, vykreslime jejf
hranici A;. Celou situaci zobrazime v programu Maplu pomoci téchto
piikazu

> with(plots):tl:=thickness=5:bar:=color=black:om:=color=wheat:

> u:=-0.4:
> K:=plot3d([12*q,k,10/49%k~2*(q-1)+10-6%q] ,k=-7..7,
g=u*(k~2-49)/(k"2*u-49) . .1,style=patchnogrid) :

> T_1:=plot3d([12%q,7,z],q=0..1,2=0..4*q,om,style=patchnogrid) :
> T_2:=plot3d([12*q,-7,z],9=0..1,2=0..4%*q,om,
style=patchnogrid):
> A:=spacecurve([12*u*(k~2-49)/(k~2%u-49) ,k,
2% (3%k~2*u-5%k~2+245-147*u) / (k" 2%u-49)] ,k=-7..7,tl,bar) :

> P:=spacecurve([0,k,-10/49%k"2+10] ,k=-7..7,tl,color=navy) :
> U_1l:=spacecurve([12*q,7,4*q],q=0..1,tl,bar):

> U_2:=spacecurve([12*q,-7,4*q] ,q=0..1,t1l,bar):

> U_3:=spacecurve([12,k,4] ,k=-7..7,tl,bar):

> U_4:=spacecurve([12,7,2],2z=0..4,t]l,bar):

> U_b:=spacecurve([12,-7,2],2=0..4,t1l,bar):

> U_6:=spacecurve([12*q,7,0],9=0..1,tl,bar):

> U_7:=spacecurve([12*q,-7,0],q=0..1,t1,bar):

> R_1:=plot3d([12,y,z],y=-7..7,z=4..12,0m,style=patchnogrid):
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R_2:=plot3d([12,y,2z],y=7..12,2=0..12,0om,style=patchnogrid):

R_3:=plot3d([12,y,z],y=-12..-7,2z=0..12,0m,style=patchnogrid) :
S_1:=plot3d([x,k, (6-3*u)*x/(6%u)] ,k=-7..7,x=

12%u. .12*ux(k"2-49)/(k"2*u-49) ,style=patchnogrid, color=gray) :
S_2:=plot3d([x,k, (6-3*u)*x/(6*u)] ,k=7..12,
x=12*u..0,style=patchnogrid, color=gray) :

S_3:=plot3d([x,k, (6-3*u)*x/(6%u)] ,k=-12..-7,

x=12#u. .0, style=patchnogrid, color=gray) :
A_1:=spacecurve([12*u*(k~2-49)/(k"2*u-49) ,k,0] ,k=-7..7,
thickness=3,color=khaki) :

P_1:=spacecurve([0,k,0] ,k=-7..7,thickness=3,color=blue,
linestyle=dot):
display({T_1,T_2,K,A,P,U_1,U_2,U_3,U_4,U_5,U_6,U_7,R_1,R_2,
R_3,S_1,8_2,S_3,A_1,P_1},axes=boxed) ;

Obr. 6: Zastieseni plochy uzitim parabolického konoidu v Maplu

4 Zaveér

Na parabolickém konoidu by se daly realizovat dalsi vypocty a provést jejich vi-
zualizace, taktéz by bylo mozné vySettit vlastnosti parabolického konoidu uzitim
adekvatni geometrické teorie. Vzhledem k omezenému rozsahu piispévku zde
na toto jiz nezbyva misto, v piipadé zdjmu vSak plny rozsah ptispévku ¢&itajici
32 stran mohu poskytnout.

Celkové lze fici, ze takovéto zobrazeni urcité plochy technické praxe muze
byt vhodnou ndhradou fyzického modelu této plochy.
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Abstract. The paper presents a new freeform standard, the CTU
freeform standard Pharaoh, with a complex freeform geometry devel-
oped and manufactured at the Czech Technical University in Prague.
The standard was developed for the purpose of research in the field of
applications of mathematical-geometrical modelling, CNC machining
and coordinate measurement of engineering components with freeform
surfaces.

Keywords: Freeform surface, geometrical accuracy, 3-axis machining,
freeform metrology.

1 Introduction

Applications of mathematical-geometric modelling in the design, CNC
(Computer Numerically Controlled) machining and inspection of engineer-
ing components with freeform surfaces are increasingly important in the
scientific approach to solving problems in mechanical engineering prac-
tice. In order to be able to develop mathematical-geometrical models
with the quality required by a specific technical application of freeform
surfaces, CTU (Czech Technical University) freeform standard Pharaoh
(hereinafter referred to as Pharaoh) was designed in the Department of
Technical Mathematics, manufactured in the Department of Production
Machines and Equipment (Faculty of Mechanical Engineering, CTU in
Prague) and calibrated in the Czech Metrology Institute, fig. 1.

Fig. 1: CTU freeform standard Pharaoh measured on ZEISS XENOS
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Freeform surface is represented in all phases (design, machining, in-
spection) by a CAD (Computer Aided Design) model, from whose geo-
metric properties and quality derives both the accuracy and efficiency of
the CNC machining process and the quality of the nominal reference in
coordinate measurement. This paper is focused on the design and devel-
opment of functional freeform surface and CAD model of the standard.

The paper is organised as follows. A development of the freeform
surface used as the functional Pharaoh freeform surface is described in
section 2. Pharaoh CAD model and calibration is mentioned in section 3.
Section 4 concludes the paper.

2 Freeform surface development

The functional freeform surface of the Pharaoh is inspired and derived
from the freeform surface of an artificial human head [1] developed and
manufactured for the Department of Physics (Faculty of Mechanical Engi-
neering, CTU in Prague). The manufactured human head was used in the
simulator (dummy head) intended for research in electroacoustis, i.e. test-
ing electroacoustics systems, measuring the quality of electroacoustic and
transducers, measurement of noise protectors, investigating the binaural
sound signal, measuring the transfer functions of hearing aids for the hard
of hearing, analysis of noise conditions in the working environment, etc.
An application of the dummy head in the measurement of monaural and
binaural parameters of the Rudolfinum concert halls in Prague is shown
in fig. 2 left, [2].

Fig. 2: Dummy head application [2] (left) and digitisation of definition
curves (right)
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2.1 Dummy head freeform surface

The original shape of the dummy head is based on the definition stated
in IEC 959 standard [3] (this standard no longer exists, it was replaced
by a newer one), where the shape of the head is given by a system of
horizontal section curves drawn in 20 mm square grid. The resulting
surface should pass through all the drawn curves in tolerance +1 mm. To
keep these conditions, interpolation model in a form of Ferguson 12-vector
patches connected with C'! continuity was chosen to represent the dummy
head freeform surface. The development of dummy freeform surface was
done using Maple system.

Ferguson 12-vector patch P(u, v) is determined by four definition points
Qi,j; i, = 0,1 and a pair of tangent vectors Q}';, Q7 ; at each definition
point (the method for estimation of tangent vectors from the point input
data is described in [1]) is given by

Pr(u,v) =U-Bp-Mp-BE- VT (u,0) €[0,1)?, (1)
where
U= 3u2u1), V= 3112111),
2 1 1 —2 Qoo Qoo Qg,l Qo,1
| 3 -2 -1 3 _| Qo O 0 Qo
Be=11y9 1 o o |"Mr= Y9 0 0 1
1 0 0 0 Qo Qio Qi1 Qu:

To obtain definition points from the drawn curves, the curves were manually
digitised so that the definition points are given by intersections of the curves with
the radial grid with 3° spacing (small enough to meet the required tolerance),
fig. 2 right. Thus, the mesh of definition points {Q}gl’olégzo, was obtained,
fig. 3 left. The resulting C' continuous interpolation surface is a composition
of all Ferguson patches (1), fig. 3 right.

S

Fig. 3: Definition mesh (left) and C! interpolation surface (right)
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2.2 Pharaoh freeform surface

During the development of the Pharaoh freeform surface, both new knowledge
about the influence of the continuity of CAD model on the efficiency and quality
of CNC machining [5], as well as highly demanding problems resulting from ad-
vanced freeform metrology tasks were taken into account. Thus, C* continuous
surface with highly variable curvature was developed. The basis of the Pharaoh
freeform surface was represented by the most shaped part selected on the above
mentioned dummy head interpolation surface, fig. 4 (a). The original C* con-
tinuous surface part created by a set of 220 Ferguson 12-vector patches was
transformed into C® continuous non-uniform biquartic B-spline surface with
maximum permissible form deviation +0.005 mm. The whole procedure was
done using Maple and Rhinoceros systems, form deviations were analysed by
Phyton script [6].

(d)

Fig. 4: Pharaoh freeform surface development (a) Part of interpolation
surface, (b) Set of bicubic Bézier patches, (c¢) Uniform bicubic B-spline
surface, (d) CAD model with non-nuniform biquartic B-spline surface

As Ferguson interpolation model is not implemented in Rhinoceros, each
Ferguson patch was transformed into the Bézier bicubic patch [4] first, fig. 4 (b)

Pp(u,v) =U-Bp -Mp-Bg - V', (u,v) €[0,1]°, (2)
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where
-1 3 -3 1
3 -6 3 O
BB: -3 3 0 0 MB—{VZJ}z 0,7=0"
1 0 0 0

The transformation is given by

Voo0=Qo0 Vio=Qo0+ %Qé‘,o Vo1 =Qo,0+ ng,o
Vi30=Qi0 V20=Qi,0— lqu,o Vo2 =Qo1—5Q0.1
Vo3=Qo1 Vi3=Qo1+3Q01 Vs31=Qio0+3Q1,
Vs3=Qi1 Va3=Qi1—-3Qi1 Vs2=Qi1—3;Qf,

Vi1 =Qoo+ %Qg,o + 3Q0 0
Vi =Qo1+ 3Q0 1 {,Qo 1
V21 =Qi0— i;Qlo—i-f
Va2 =Qi1 — 3Q1 1
Next, the position of inner four control points V; j, 4,5 = 1,2 of each patch
were modified so that the conditions for C? continuity between two consecutive
patches is fulfilled. After that, the set of 220 C? continuously connected Bézier
patches was composed into C? single uniform bicubic B-spline surface, fig. 4 (c)
that was finally reconstructed into C® non-uniform biquartic B-spline surface,
depicted in green in fig. 4 (d).

3 Pharaoh machining and calibration

Pharaoh was machined at the Department of Production Machines and Equip-
ment (RCMT, Faculty of Mechanical Engineering, CTU in Prague) from alu-
minium by 3-axis milling with ball-end cuter of diameter 6 mm and polished.
Calibration of the standard was performed on the National standard of geo-
metrical dimensions of 3D objects ZEISS XENOS [7] in the Unit of Technical
Length of the Czech Metrology Institute. The CAD model, fig. 4 (d), was used
as the nominal definition in both the machining and calibration.

CAD model of the Pharaoh standard of dimensions (150 x 175 x 90) mm
fig. 4 (d), consists of the prismatic base and freeform surface. Three high quality
reference spheres S1, S2, S3 — ruby Renishaw probes D8R L16 are screwed into
the base to define workpiece Cartesian coordinate system. The origin lies at the
centre of sphere S1, positive z-axis is given by 5152 and z-axis is perpendicular
to the plane given by the centres of all three spheres.

The freeform surface was calibrated with evenly distributed 45078 points
with approximate distance 0.5 mm in both u- and v-directions. The normal
deviations of all points from the surface were measured and the calibration re-
sults were evaluated according to CSN EN ISO 1101 geometric specification —
Surface profile related to the base defined by reference spheres. The coefficient
of thermal expansion o = 23 - 107°K ™! was used to compensate for the refer-
ence temperature of 20°C. Laboratory temperature was (20.0 4 0.1)°C. The
calibration results are given in the form of colour map of deviations, fig. 5 left
and histogram of deviations fig. 5 right. Surface profile of the Pharaoh freeform
surface is (0.1537 £ 0.0016) mm
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Pharaoh surface-point deviations

02667
0.1 -0.08 -006 -004 002 0 002 004 006 008 0.1
Deviation (mm)

Statistics Value

I Number of points 45078
-0.0800 Average deviation -0.00445
Standard deviation 0.02481
Minimum deviation -0.05788

A

Fig. 5: Colour map of deviations (left) and histogram of deviations (right)

4 Conclusion

The development and calibration results of the CTU freeform standard Pharaoh
are described in the paper. The standard will be applied when solving research
tasks in freeform mathematical and CAD modelling, in the field of high-precision
CNC machining and advanced freeform metrology. Future work will be focused
on freeform digital twin development for the purpose of high precise CAD ref-
erence for coordinate measurement.
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Abstract. The Rhinoceros program belongs to CAD softwares that allows the
user to work with very precise model, especially when focused on its surface. One
of the main elements of surface analysis is the "Point Deviation" function used to
determine the deviations between two geometries, e.g. points measured on an
actually manufactured model from a nominal CAD model. The result is a
visualization of the deviations of the measured points from the CAD model. The
problem with this visualization is its ambiguity caused by not distinguishing
between positive and negative orientation of the deviations and thus a visible
distinction between undercutting or addition of material.

The paper presents a script, created in the Python programming language,
is to create own custom function capable of calculating the individual deviations
of the points of the real model with subsequent determination of their orientations
based on the outer-poiting unit normals of the monitored surface. Script provides
text and graphic output including visualization on a CAD model and basic
statistics.

Keywords: CAD model, point-surface deviation, geometrical analysis

Klic¢ova slova: CAD model, odchylka bodu od plochy, geometricka analyza

1 Uvod

Computer Aided Design, zkracené CAD, piedstavuje v dne$ni dobé jeden
z nejsnazsich a nejefektivnéjsich zptisobi pro tvorbu jak dvou dimenzionalniho,
tak tif dimenzionalniho modelu. Souhrnné se jedna o kategorii softwarti, které na
zaklad¢ matematiky, geometrie a grafiky zprostfedkovavaji tvorbu modelt
z okruht strojirenstvi, architektury, elektroniky a fady dalsich.

V pfipad¢ strojirenstvi pfedstavuje CAD model zakladni prvek pro CNC
(Computer Numerical Control) obrabéni, kdy je CAD model s pomoci CAM
(Computer Aided Manufacturing) softwaru uzit pro programovani drah nastroja
CNC stroji. Kvalita finalniho obrobku je pak ovlivnéna mechanickymi a
tepelnymi podminkami obrabéni. Opomijenym faktorem je presnost uzitého
CAD softwaru. Cilem pftispevku je, na zakladé tohoto problému, zhotoveni
skriptu schopného porovnani redlného modelu s modelem referenénim pro
moznost kvalitni vizualizace neptesnosti skutecného modelu.
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2 Nepresnost CAD softwaru

Jednim z hlavnich faktort ovliviiujici kvalitu CAD softwaru je jeho pfesnost
modelovéani. Kazdy CAD software disponuje moZznosti nastaveni pfesnosti.
transcendentni kivky. Takové modely jsou pak vysledkem aproximace, model
se mize stavat nepfesnym a pro uziti CNC pfimo nevhodnym. Na obrazku 1 je
Cerné zobrazena Cast kruhové evolventy generované odvalovanim teény po
kruznici o praiméru 350 mm, modrou je zvyraznéna evolventa vytvorena program
Autodesk Inventor, oranzovou je pak zobrazena evolventa tvofena programem
PTC Creo 4 Parametric.

Obr. 1: Porovnani evolvent (kresleno v 10 mm ¢étvercové miizce)

Uvazujeme-li pak interpolacni kiivku z pluginu Grasshopper jako referen¢ni,
odchylka evolventy programu Creo 4 je 0,032 mm, v piipad¢ Inventoru pak
0,480 mm.

2.1 Skript pro zjisténi odchylky bodu od plochy

Rhinoceros 7 nabizi pro feSeni odchylky bodi od plochy funkci Point
Deviation [5]. Nevyhodou této funkce je absence orientace vypoctené odchylky.

Vlastni skript pojmenovany Oriented Point Deviation vyZaduje zadani mraku
pozorovanych bodu a referencni plochy. Na zakladé geometrie si nasledné hleda
nejbliz8i body lezici na referencni plose, které provaze s odpovidajicimi body
normalou k te¢né roviné plochy v daném bodu referencni plochy. Jakmile je takto
vytvofena spojnice mezi dvéma body, skript vyuzije vzajemnou polohu jejich
krajnich bodii spole¢né s orientaci normaly referencni plochy k vyhodnoceni
orientace ziskané spojnice. Vysledkem je tak vytvofeni orientované usecky
definujici odchylku pro pozorovany bod.

Jakmile je takto skriptem zpracovan kazdy bod zadaného mraku, zacéne
vypocCet statistik na zakladé délky a orientace kazdé spojnice. Nasleduje
kompletni vypis statistiky spolu s rozdélenim vSech spojnic do barevnych vrstev
zé&vislych na velikosti odchylky, kdy jednotlivé intervaly vrstev jsou dany podle
vypoctenych statistik.
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2.2 Modelovani ploch ozubeni

Pro ukazku byl zvolen pfiklad modelu ozubeného kola s Sikmym evolventnim
ozubenim. Zadané parametry modulu, poétu zubli a hlu sklonu zubt byly
ptevzaty z [1] . Kolo bylo dale navrhovano v souladu s technickymi normami [3]
a [4] pro ptevodova soukoli. Rozméry jsou zaneseny v tabulce 1.

Rozmér Hodnota Jednotka
Normalny modul my 10 mm
Pocet zubti 35 -
Uhel sklonu zubt 15 °
Pramér rozteéné kruZznice d 362,355 mm
Pramér zakladni kruZnice dp 339,242 mm
Pramér hlavové kruznice da 388,695 mm
Pramér patni kruZnice ds 343,695 mm
Celni zubova rozted p 32,525 mm
Celni §itka zubu s 18,651 mm
Celni §itka zubové mezery e 13,874 mm
Tloustka ozubeni b 100 mm

Tabulka 1: Parametry ozubeného kola

K tvorbé modelu byly vyuzity CAD softwary Rhinoceros 7 a Autodesk
Inventor. V piipadé Autodesk Inventoru byla vyuzita vestavéna funkce pro
automatické modelovani ozubeného soukoli.

V ptipadé modelu kola v programu Rhinoceros byl vyuzit postup modelovani
podle [1], kdy se profil zubu sklada ze tfi segmenti. Prvnim segmentem je
valcova plocha hlavy zubu, druhym je valcova plocha paty zubu a tieti segment
je plochou tecen Sroubovice reprezentujici bok zubu. Vysledek obou modelt je
na obrazku 2, kde kolo vlevo je model z Autodesk Inventoru, kolo vpravo je
model z Rhinoceros 7. Pouhym okem je odchylka tvarti nerozpoznatelna.

Obr. 2: Modely ozubeného kola
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2.3 Analyza ploch ozubeni

Prvni zkouskou korektnosti geometrie modelu bylo rozvinuti do roviny. Z teorie
rozvinutelnych ploch [2] vyplyva, ze by plocha Sikmého evolventniho ozubeni
méla byt rozvinutelna do roviny. V ptipadé modelu z Rhinoceros 7 byl model
kompletné rozvinutelny viz obr. 3 vlevo, kde je bok zubu zobrazen jako fragment
plochy teen Sroubovice. Pro kolo z Autodesk Inventoru se pak stala
problematicka plocha boku zubu, kterou nebylo mozné rozvinout. Po blizsi
analyze plochy bylo zjisténo, ze plocha je substituovana zborcenou Bézierovou
bikubickou plochou, vit obr. 3 vpravo.

Obr. 3: Plochy boku zubu

Pro dal$i analyzu byl v programu Rhinoceros 7 vytvofen referen¢ni mrak
bodi predstavujicich numericky piesné body lezici na plose tecen Sroubovice
urcené vektorovou rovnici [2]

S(u,v) = (r(cos(u) -v sin(w)), r(sin(u) + v cos(u)), po(u + v)),

kde u € [0, 2n] v € [0, 1], r = 181,176 mm a po = 676,164 mm. Vysledny
referencni mrak bodi sestdval z celkového poctu 4425 bodu.

Megfteni odchylek ploch od referenéniho mraku bylo provedeno s pomoci
vytvofeného skriptu Oriented Point Deviation. Pti sledovani plochy vytvofené
Autodesk Inventorem byla zjisténa maximalni odchylka 2,596 mm a primérna
odchylka 1,155 mm. Na obrazku 4 je barevné zobrazeni odchylky plochy od
reference. Na obrazku 5 je pak obrazek vynatku ze skriptem tvotrené statistiky,
navic zahrnujici smérodatnou odchylku, tvarovou odchylku a dalsi.
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Obr. 4: Odchylka plochy zubu Autodesk Inventoru

Statistics

('Mumber of points: ', 4425)

("Average deviation: ', 1.1547539727796912)
(‘'Standart deviation: ', 0.68010560445531698)
('Minimal deviation: ', -0.64008019404705263)
(‘Maximal deviation: ', 2.5958426165940875)
(‘Median: ', 1.1351188776883685)

("Form Error: ', 3.2359228106411404)

Obr. 5: Statistika odchylky plochy zubu Autodesk Inventoru

V pftipad¢ plochy tvofené s pomoci plochy te¢en Sroubovice v programu
Rhinoceros 7 byla maximalni odchylka plochy 0,00274 mm a primérna
odchylka 0,00230 mm. Vizualizace vysledku je na obrazku 6. Na obrazku 7 je
pak zobrazena Cast statistického vystupu skriptu.

Obr. 6: Odchylka plochy zubu Rhinoceros 7
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Statistics

(‘Number of points: ', 4425)

("Average deviation: ', 0.002302537119892048)
(‘'Standart deviation: ', 0.002538357719273791)
(‘Minimal deviation: ', -0.11789899420721772)
(‘Maximal deviation: ', 0.002737268205777264)
(‘Median: ', -0.0074749745794068017)

("Form Error: ', 0.12063626241299498)

Obr. 7: Statistika odchylky plochy zubu Rhinoceros 7

3 Zavér

Cilem projektu bylo vytvofeni vlastni funkce v CAD programu Rhinoceros 7,
schopné analyzy odchylky bodu k plose realného modelu od jeho nominalniho
prot&jsku. Dulezitym bodem skriptu je zahrnuti orientace pro odliSeni podiezani
a prebytku materialu. Dal$im bodem bylo vytvofeni vizualniho a statistického
vystupu.
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Abstract. By surfaces of technical practice we mean surfaces (or their parts)
whose applications are found in technical industry such as e.g. in construction,
engineering, architecture and design. From a geometrical point of view, this
includes surfaces of revolution, helical surfaces, or line surfaces. In order to make
knowledge and a visual representation of these types of surfaces and their
applications even more accessible to students, we supplemented the static and
interactive graphic models with a series of printed 3D models. The paper
describes the process of their modeling using software and the subsequent
processing and issues associated with it in the interest of optimal 3D printing.
Printed 3D models serve as one of the visual didactic aids when teaching subjects
that focus on geometry or computer graphics.

Keywords: surface of revolution, helical surface, ruled surface, autoCAD, 3D
print, printed model

1 Surfaces of technical practice

Students of the Faculty of Civil Engineering and the Faculty of Architecture and
Design meet with the projection of technical practice surfaces during Descriptive
Geometry course.

They are projected in the Monge’s method and in Axonometry. Those are
surfaces that are often applied in technical practice and can serve as creative
inspiration in the work of future architects or designers. From a geometric point
of view, we include surfaces of revolution, helical and line surfaces (especially
ruled surfaces) and translational and canal surfaces. These surfaces are very
visually processed in electronic study materials, which are available for students
and the public on the web: Descriptive geometry Il. First part — Surfaces of
revolution and helical surfaces, Descriptive geometry Il. Second part — Ruled
surfaces, translational, sphenoidal and channel surfaces ([2], [3]).

2 Motivation

Practical experience shows that based on how we learn, i.e., we receive and
process information, our learning style is formed. Our way of learning is
influenced by various motives, the influence of the environment and our
psychological traits. According to the theory of learning styles, it is possible to
observe three basic learning styles: visual, auditory, and kinesthetic [4].
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Fig. 1: Sample from study materials Descriptive geometry II.
First part — Surfaces of revolution and helical surfaces

The visual type of student effectively perceives the subject matter in its
graphic or pictorial form, i.e., prefers images, graphic symbols, mind maps, color
highlighting of text, etc. The auditory type better perceives the spoken word of
the teacher during the lecture. He consolidates the subject matter by talking it
over to himself or explaining it to his classmates. For the kinesthetic type, it is
important to manipulate the subject matter. He has a need to do something, move,
touch objects while learning. In doing so, he creates associations between the
subject and the subject he is learning.

In practice, these styles are usually mixed to varying degrees for everyone.
The above-mentioned learning materials in the form of interactive illustrative
presentations, supplemented by the teacher's explanation during a lecture or
exercise, are largely suitable for students of the visual-auditory type. For a better
understanding of the issue, we decided to supplement the teaching with physical
3D models of some types of surfaces and their applications, to support the
kinesthetic component of the learning process. This contribution describes the
process of creating a model printed on a 3D printer, from modeling it in software
to the issues involved in optimizing its 3D printing.

3 Model creation process

The model creation process could be divided into three phases. The first phase
consists of preparing a digital model of the given surface in the software and
exporting it to *.stl format. In the second phase, the model is processed in the
slicing software (slicer), where appropriate settings are selected regarding
subsequent 3D printing. The last stage is the 3D printing itself.
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Fig. 2: Three phases of model production: digital model, slicing, 3D print

3.1 Digital 3D model

It is mostly possible to create a digital model in any software designed for
modeling 3D objects. In our case, we used AutoCAD and Blender software. Both
programs provide a wide range of tools for modeling 3D objects and editing
them, although each in a slightly different way.

Before creating the digital model, itself, it is good to clarify in detail how the
resulting model should look. Considering the wide range of modeling tools, it is
necessary to determine which tool will be appropriate to use when creating the
required type of surface. Alternatively, find out how to model the surface if a
particular special tool is not available in our software. When we create a model
to represent a certain type of surface, we create it as a solid (due to 3D printing
capabilities), so it has assigned thickness. Therefore, it is desirable to consider
the parameters for the printing itself, such as slope or thickness of the model and
choose them appropriately.

Fig. 3: Example of modeling tools in the 3D environment of AutoCAD
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3.2 3D printing tools

We had the opportunity to use the Prisa MK3S and FF Creator 3 PRO 3D
printers for printing. Those are 3D printers based on the FFF (Fused Filament
Fabrication) technology, which work with plastic material in the form of a string
(the so-called filament), which after melting is applied in thin layers, creating a
spatial model. The filament is placed on a spool in the printer magazine, from
which it is gradually released into the print head, where it melts. The FFF
technology is one of the cheapest and therefore relatively widespread [5].

Currently, a very wide range of different types of filament plastic materials
are available, which differ, e.g., in its firmness, flexibility, different melting
temperature, resistance to weather conditions, etc. There are also special
filaments that are suitable for contact with food or filaments with a low melting
temperature suitable for children. We tried materials such as PLA, ABS, PET-G
and ASA. We had the best experience with the PLA, you can find more detailed
characteristics of these filaments, for example, here [6].

3.3 3D print preparation

After the creation of the digital model and its export to the *.stl format, the second
phase of model processing comes next. In this phase, we load the file into the
slicing software, which transforms it into a form that the 3D printer understands
(*.gx). This means that it "cuts™ it into layers in which the printer will gradually
build the desired model. Printer manufacturers usually offer the relevant slicer
compatible with the given type of printer for free download.

In the slicer, we can set various parameters for printing. Depending on the
type of material, we choose the temperature of the extruder, the temperature of
the bed, the speed of printing or the speed of retraction. Considering the model
itself, we set parameters such as shell count, layer height, infill density, supports
or raft and brim.

Fig. 4: Types of filling in the FlashPrint slicer at a density of 15%: segmental,
hexagonal, triangular, 3D filling
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3.4 3D print

The third stage is the process of printing the model itself. The print quality, which
can vary widely, depends on the type of 3D printer, the type of filament and the
specific setting of individual slicer parameters. During printing, due to various
factors, errors may occur, such as incorrect placement of individual layers of
filament, which results in incomplete printing, or ugly appearance of the model.
The length of printing also depends on the complexity of the model, which lasts
from tens of minutes to hours or even days [5].

4 Optimization of printing 3D models

When printing some types of helical surfaces and their application, we
discovered that printing a nice model is not entirely easy. The successful printing
of the model also depended on the slope of the corresponding helical surface
from the pad. The intention was to print the model without the use of supporting
structures or use them as little as possible. The 3D printer can print satisfactorily
without the use of supports at an angle of inclination of up to 45 degrees.

Fig. 5: Models of vinted column with different slopes

Student Daniel Kristof dealt with the task of print optimization in the case of
helical surfaces in his bachelor's thesis [1]. He chose a PLA filament as a starting
point and test model was used the model with different slope angles (in the shape
of curved tower). He monitored print categories such as speed, extruder
temperature and filling density in five different combinations. The goal was to
determine under what conditions printing of a model with an inclination of 45
degrees or less is still satisfactory.

Fig. 6: Test model of different slope angles
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The smallest angle (35 degrees) at which the print was evaluated as
satisfactory was measured when printing at a third speed (20mm/s). Thus, the
printing speed significantly affected the quality of the model. Lowering the
temperature of the extruder had a smaller effect on the result, but its advantage
was significantly saved time. Therefore, the option to print at a lower temperature
(190 degrees of Celsius) and at two-thirds speed (40mm/s) was chosen as the
most optimal of the tested combinations.

The overall appearance of the helical surface model as a surface of constant
gradient depends on the possible resulting (printable) angle of inclination,
depending on the parameters of the helical movement such as the parameter p
and the radius r [2].

Another idea to optimize the printing of some line helical surface applications
was to divide the model into evenly repeating parts that are easily printed
individually and then combined into one complete model. An example is a model
of a spiral staircase where the individual segments are connected to each other
turned by the appropriate angle.

Fig. 7: Segmented model of one pitch of a spiral staircase

5 Conclusion

After familiarizing ourselves with the issue of 3D printing and overcoming
various types of problems associated with it, we managed to print a quite varied
spectrum of models, which mainly represent helical surfaces or their applications
(gallery of pictures 8 — 11). We want to continue with the production of models
and supplement the portfolio with other interesting models representing mainly
surfaces of revolution and ruled surfaces. We know from experience that students
like printed models in vivid colors and it attracts their interest in geometry as
such.
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Fig. 10: Models of ruled surfaces — so called Marseille and Montpelliere arcs
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Fig. 11: Models of surfaces of revolution
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Abstract. Cartography is a science of maps. People could record their
cartographic findings on a map much earlier than in writing. Map and the process
of its making has always reflected the time in which it was born portraying the
intellectual and technological advancements of each historical period. This paper
aims to present the development of cartography from cartographic relics of old
time (Egypt, China, and America), the Greek and Roman antique cartography, the
medieval ecclesiastic cartography as well as the Arabic cartography with the
origins of naval charts.
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1 Nejstarsi kartografické pamatky

Je prokazané, ze lidstvo dokazalo vyjadiit své geografické znalosti kresbou diive
nez pismem. Vznik prvnich primitivnich geografickych nacrti je kladen do
obdobi mladsiho paleolitu. Popudem pro jejich vznik byla nejspi§ snaha
orientovat se v nejbliz§im okoli, byla to pomiicka pro snazsi zapamatovani si
mist, zpoCatku méla predevsim hospodarsky vyznam (lov a sbér potravy),
pozdéji snad i valeény. Topograficky obsah je pomérné bohaty, nicméné jejich
presnost a métitkové zndzornéni je velice nepfesné. Nakresy jsou realizovany na
riznych materidlech — pruty, lastury, kdmen, dfevo, kiira, kiize, kosti, skalni
stény.

Neni vylouceno, Ze jedna z viibec nejstarSich dochovanych prehistorickych
map pochazi z naseho uzemi. Je ji situacni planek tabofisté lovett mamutti u feky
Dyje (Obr. 1) vyryty do mamutiho klu a nalezeny v roce 1962 v Pavlové na jizni
Moravé. Jeho stari se odhaduje na 28 az 24 000 let pt. n. 1. Dalsi nalezy pochazeji
Z Meziri¢i na Ukrajing, Schaffhausenu ve Svycarsku, povodi sibifské feky
Jeniseje a Ladozského jezera. Vsechny tyto pamatky dokumentuji nesmirny
orientacni smysl a cit pro krajinu jejich tviirci. Svéd¢i o tom schopnosti tzv.
primitivnich narodid — severoamerickych Indiant, Eskymakd, obyvatel Sibife...
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Obr. 1 Obr. 2

2 Pocatky kartografie

S objevenim institutu ,,vlastnictvi‘ nabyva kresba nesouci informaci charakteru
ufedniho dokumentu. Soubézné S rozvojem podrobnych pland a map malych
uzemi se rozviji i snaha o pofizeni obrazli velkych tizemnich celki a celého svéta.
Nejstar$i starovéké pamatky nalezneme ve stfedomoiském regionu -
Mezopotamie, Egypt, a dale pak ve starovéké Cing. Objevuji se prvni méfické
pomucky, jako je kruzitko, méficky prut, méficky provazec s htilkou, olovnice.

Obr. 3

2.1 Mezopotamie

Za nejstar$i mapovy doklad se povazuje mapa Mezopotamie vyryta na hlinéné
desticce a pochazejici z obdobi pfiblizné 2 400 let pf. n. 1. Pravdépodobné
ze 6. stoleti pred Kristem pochazi znama Babylonska mapa svéta, také vyryta
nahlinéné desti¢ce (Obr. 2). Mapa zobrazuje znamou &ast svéta (Babylon a
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Asyrii), feku Eufrat, kolem mapy je kruhové vyjadieni oceanu, z n¢hoz vystupuje
sedm cipt (ostrovii?) s napisy udavajicimi vzdalenosti.

Dalsim grafickym vytvorem ukazujicim mens$i tzemni celky je plan
babylonského mésta Nippur, ktery je datovan ve velmi Sirokém rozpéti 15. — 8.
st. pt. n. 1. Zachycuje feku Eufrat s kanaly (Obr. 3).

2.2 Egyptska kartografie

Pravdépodobné jiz ve 14. stoleti pt. n. 1. mél starovéky Egypt k dispozici
podrobné mapovani ptipominajici dne$ni katastr. Za Ramesse Il. se zacalo
klasikové jako Eratosthénes. Kartograficka dila tohoto obdobi vychazela nejen
z rozvinuté praktické geometrie, ale stavéla i na nivelaci (zdklady pyramid) a na
astronomii (orientace pyramid).

Znamym dokladem z tohoto obdobi je fragment Turinského papyru
znazoriujici dilni mapu z doby Ramesse IV., cca 1320 pi. n. 1. (Obr. 4).
Z originald egyptskych plant a map se dochovaly pouze nepatrné fragmenty,
nebot’ mapy byly kresleny na papyru nebo na kiizi a ¢asem podléhaly zkaze.

2.3 Cinska kartografie

Kartografické  védomosti  starych
Cinanti jsou pozoruhodné, nebot’ jiz ve
3. stoleti pf. n. I. méli topografické
mapy. Tyto mapy se vSak
nedochovaly. Z  obdobi pted
13. stoletim pf. n. 1. pochazi oficialni
¢inska geografie Jii-kung.

V roce 1973 byly u mésta Cchang-
Sa v Ma-wang-tuej nalezeny tfi mapy
nakreslené na hedvabi — vojenska,
topografickd a plan opevnéni sidla
prefektury. Predpoklada se, ze mapy
vznikly v roce 168. pf. n. 1
Topografickd mapa zobrazuje sted
provincie Cchu-nan (Obr. 5).

3 Anticka kartografie

3.1 Recka kartografie

Moderni kartografie stavi na zakladech polozenych ve starém Recku a helénském
Egypté. Rekové jako prvni povazovali zemské téleso za kouli a urcili jeho
rozmery, pouzivali Sedesatinné déleni kruhu na minuty a vtefiny, zavedli
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zemépisné soufadnice, polozili zéklady matematické kartografie, pficemz
néktera jejich zobrazeni se pouzivaji dodnes.

Shunee

D000 st

Obr. 6 Obr. 7

Obr. 8

Prvni starofeckou mapu zemského povrchu vytvotil Anaximandros z Milétu
(610 — 465 pt. n. 1.). Mapa se stejné jako ostatni starofecké mapy nedochovala,
lze je vSak rekonstruovat ze zachovalych literarnich pramend. Hekataion
z Milétu (550 — 480 pi. n. 1.) Anaximandrovu mapu opravil, doplnil a opatfil
slovnim komentafem (Obr. 6). Eratosthénes z Kyrény (276 — 195 pf. n.l)
vypocital obvod Zemé na zaklad¢ urceni délky merididnového oblouku mezi
mésty Alexandria a Syéné (Asuan). Pouzil k tomu skafé (Obr. 7). Piistroj svym
stinem ukazal, Ze oblouk AC je 50. dilem celé kruznice (7°12°) a jeho odhad
obvodu Zemé 39 690 km je pozoruhodny. Eratosthénes ve své mapé jako jeden
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z prvnich vytvati sit’ rovnobézek a kolmic na diafragmu. Cary nemély stejné
rozestupy, ale prochazely misty uréenymi astronomickym pozorovanim (Obr 8).
Pry zobrazovala vice izemi neZ pozd¢jsi Ptolemaiova mapa.

Poseidonios z Apameie (135 — 51 pi. n. 1.) provedl nové méfeni Zemé na
zaklade rozdilu zemépisnych Sifek mezi Alexandrii a Rhodem. Jeho obvod Zemé
byl mensi nez Eratosthéndv. Od n& ho pozdéji pievzal Ptolemaios, coz pry
ovliviiovalo namotni plavby a mozna i pusobilo na Kolumba, kterému se zdala
cesta do Indie zapadnim smérem proveditelna. Kratés z Mallu (2. stoleti pt. n. I.)
sestrojil prvni znamy globus a byla na ném Eratosthénova mapa. Globus se
nezachoval, ale je znamy z opisd antickych a arabskych ucencti. Strabon
z Amasie (63 pi. n. 1. — 23 n. 1) je povaZovan za ,,otce” geografie. Na obrazku 9
je rekonstrukce Strabénovy mapy svéta.

= T G ORBIS TERRARVM
H gj:w f:':, :Lw:m«wmm tuticc ad mentem Strabouis.
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V oblasti kartografickych zobrazeni méla velky vyznam formulace
azimutdlnich projekci. Thales s Milétu (625 — 547 pf. n. |.) je autorem
gnomonické projekce, Apollonios z Pergy (262 — 190 pi. n. 1) zavedl
ortografickou projekci a Hipparchos z Nikaie (190 — 125 pf. n. 1.) je autorem
stereografické projekce a jako prvni pouzival v astronomii sférickou
trigonometrii.

Vrchol fecké kartografie nastal za Klaudia Ptolemaia (100 — 168 n. 1.), ktery
je autorem osmidilné Geografike hyfégesis. Déle je autorem kuzelového a
nepravého valcového piimkového vyrovnavaciho kartografického zobrazeni.
Jeho mapa svéta z roku 150 byla znicena v alexandrijské knihovné. Rekonstrukei
Ptolemaiovy mapy svéta z poloviny 15. stoleti ukazuje obrazek 10.

3.2 Rimska kartografie

V Rimské #igi (Imperium Romanum) byla mapa povazovana za &isté uzitkovy
pfedmét pro administrativni a vojenské ucely. Nepouzivali kartografické metody
zobrazovéni, ale jednalo se spiSe o schematické nacrty slouzici jako cestovni
itinerafe s mnozstvim dat a udaji. Ukazkou takové pochodové mapy je vytez
Agrippovy mapy (Tabula Peutingeriana), mapa vznikla ve druhé poloving 13.
stoleti na zakladé¢ kopie Agrippovy mapy ze 4. stoleti (Obr. 11). Marcus
Vipsanius Agrippa (63 pi. n. l. — 12 n. 1) je také autorem kruhové mapy svéta
s Italii ve stfedu, tato mapa se nedochovala a zname ji jen z pozdéjsich
rekonstrukei.

Obr. 11

4 Stredovéka cirkevni kartografie

Po rozpadu RiSe zapadofimské (476 n. 1) piebira v Evropé rozhodujici
ideologicky vliv cirkev. Ta prosazovala Ptolemaiovu geocentrickou soustavu,
jeho mapy jsou vSak nahrazeny upadkovymi mapami, zaloZenymi na mytickych
piedstavach, zcela bez matematického podkladu. Jsou konstruovany
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bezprojekéni mapy v mnohém navazujici na fimské a arabské mapy. Neznama
mista jsou do map dopliiovana podle fantazie.

Kolem roku 535
nebo 547 napsal mnich
Kosmas Indikopleustés
dvanactidilnou
publikaci  Christianiké
topografia, ke které
pfilozil mapu svéta. Ta
zobrazuje Zemi jako
protahly ctyruhelnik se
Ctyfmi zalivy
(Sttedozemni a Cerné
mofe, Arabsky a Persky
zaliv) a Ctyfmi fekami
(Nil, Ganges, Tigris a
Eufrat). Na vychodni

AL

Obr. 12

strané mapy je nepfistupna oblast biblického raje (Obr. 12).
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Obr. 13

Obr. 14

Mapy Zemé se v obdobi raného stfedoveku casto kreslily v podobé kruhu a
nazyvaji se O-T mapy (Orbis Terrarum). Jednou z prvnich map typu O-T je mapa
z prvni tisténé verze knihy Etymologiae od Isidora ze Sevilly. Kniha byla
napsana v roce 623 a poprvé vytisténa v roce 1472 v Augsburgu Giintherem
Zainerem (Obr. 13). Za nejvyznamnéjsi piedstavitele kruhovych map jsou
povazovany Ebsdorfskda mapa z roku 1234 a Herefordskd mapa z roku 1280

(Obr. 14).
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5 Kompasové (portulanové) mapy

Ty e

Koncem 13. stoleti se
S vynalezem kompasu
objevuji nové typy
podrobnych namotnich
map moiského pobiezi,
tzv. kompasové mapy
(Obr. 15). Tyto mapy se
zrodily v Ttalii, jejich
centrem byly Janov,
Benatky a  Ancona.
Mapy nemaji zpocatku
geografickou sit’, ale jen

systtm  kompasovych
ruzic (rumb), jejichz 8§,
16, resp. 32 smérovych

paprskid pokryvalo mapu a umoznovalo S pomoci kompasu udrzovat na mofi
smér plavby podle zvolené¢ho azimutu — po loxodromé.
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Abstract. A new method was given recently for constructing rational
curves with Pythagorean directions. Existing results focus mostly
on the generic cases. We formulate the problem for curves with any
given direction and show on the level of examples how non-genericity
influences the degree of the constructed curves.

Keywords:  tangent indicatrix, rational curve, polynomial curve,
Pythagorean hodograph curve, Laurent series

1 Introduction

Polynomial and rational parametric curves are a traditional topic of Com-
puter Aided Geometric Design and frequently appear in geometric mod-
eling or numeric simulations. Following problem was recently studied in
the context of curves with Pythagorean hodograph. We provide its for-
mulation independent of the Pythagorean hodograph concept.

Problem 1.1. Given a rational spatial curve F(t) determiner the vector
space of all the spatial rational curves r(t) having F(t) for its tangent
field, i.e. satisfying

r'(t) x F(t) = 0.

This family of curves was first investigated in [1] where the envelope
approach to planar rational PH curves was generalized to rational PH
space curves. While being rather straightforward and comprehensive, it
seems that degree of the denominator polynomial and curve shape are
difficult to control. The dual approach was continued in series of papers
[3, 4, 5] where the authors solve interpolation problems with with rational
spatial PH curves of low class.

In [2, 6] a new and more direct computational approach to Problem 1.1
was developed. It is based on solving of system of linear equations. De-
spite its complexity an analysis and description of all solutions was given
for generic case.

In Section 2 we summarize the principal result of [6] for denominators
with single root which is generic. Then we provide one new example for
tangent indicatrix of degree 4. In Section 3 we present several new exam-
ples for non-generic data. We show how different cases of non-genericity
influence one particular kind of solutions. Eventually we conclude the

paper.
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2 Generic solutions

The case of generic denominators was studied in [6] in great detail and
with rigorous proofs. The genericity means that the set of roots of the
denominator of r does not contain any inflection points of F. For our
purposes it is sufficient to consider only denominators with single roots
(of possibly higher multiplicity). Then the precise definition of genericity
becomes:

Definition 2.1. The data F(t), § are called generic if any three consecu-
tive coefficients f;_y, f;, f;11 in the Taylor expansion of F = 7% f;(t— )’
at [ are linearly independent. Otherwise the data are called non-generic.

It was shown in that for generic case there exist solutions r which have
minimal possible length of their Laurent expansions at ¢ = 5. Theorem
3.6 of [6] can be equivalently rephrased in the following way:

Theorem 2.2. For generic F, B there exist precisely following solutions
of minimal length which generate the complete space of solutions to Prob-
lem 1.1

e One dimensional spaces of solutions of the form

m+deg F

Z a;(t — 5)i

i=m
for any m < degF or m > 0. We call these solutions regular.

e One dimensional spaces of solutions of the form

m+deg F4+3

> at-p)

for any degF < m < —3. We call these solutions non-regular.

Let us demonstrate this generic behavior on the following example.

Example 2.3. Let us consider 8 = 0 the tangent field with degF =4

3t +1
F=|[ t*+2834+t>+2t+1
33+t —t+1

The minimal length solutions of Theorem 2.2 have ranges shown in Fig-
ure 1. The regular solutions (shown in black) continue regularly toward
+o0.
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-6 -5 -4 -3 -2 -1 0 1 2 3 4 5 6

Fig. 1: Ranges of the minimal length solutions for Example 2.3.
Regular solutions are potted in black, non-regular in red.

The spaces for each range are one dimensional and we computed their
generators explicitly:
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—12t4 + 1263 — 27t 4 84t — 18— 3 4 §

6t4+14t3+18t2+72t—%+t%+t% ,
184 +18t3 + 392 — 12t + 28 — 2L 4+ &

—24t% + 15t* + 30t2 + 60t
12t° + 30t* + 20t3 + 60t% + 60t |,
36t° 4 45t* + 20t3 — 30t2 + 60t

—20t5 + 12t5 + 20t3 + 30¢2
108 + 24¢° + 15¢* + 40t3 + 30t2
30t5 + 36t° + 15¢* — 20¢% + 30t2

3 Non-generic Laurent cuts

The case of non-generic denominators was not completely analyzed yet.
It transpires from the proofs of [6], however, that the regular solutions of
Theorem 2.2 will be the same as in the generic case while there can be
more non-regular solutions and/or their ranges can be shifted. We will
now show this behavior on several examples.
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Example 3.1. Let us consider S = 0 the tangent field with degF =4

B 2T+t +1
F = 213 4+ 3t2 + 2t + 1
33—t +1

The vectors {F(0),F’(0),F”(0)} are linearly dependent. The minimal
length solutions have ranges shown in Figure 2. The regular solutions
(shown in black) continue regularly toward +oc.

6 5 4 -3 -2 1 0 1 2 3 4 5 o6
Fig. 2: Ranges of the minimal length solutions for Example 3.1.
Regular solutions are potted in black, non-regular in red.

The non-genericity in this case shorten one of the non-regular solutions
which now starts at t~2. This is actually a welcome feature which produces
a solution with denominator of low degree 2. The spaces for each range
are one dimensional and we computed their generators explicitly:
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Example 3.2. Let us consider 8 = 0 the tangent field with degF =4

23+ t2 4t +1
F= A3 212 + 2t + 1
263 +3t2 —t+ 1

The vectors {F'(0), F”(0),F"”(0)} are linearly dependent. The minimal
length solutions have ranges shown in Figure 3. The regular solutions
(shown in black) continue regularly toward +oc.

-6 -5 -4 -3 -2 -1 0 1 2 3 4 5 6

Fig. 3: Ranges of the minimal length solutions for Example 3.2.
Regular solutions are potted in black, non-regular in red.

The non-genericity in this case combined the two non-regular solu-
tions into one witch shorter range. The spaces for each range are one
dimensional and we computed their generators explicitly:

4 12
§+£+ +w+—

3+%+%+7 ,
048 %+@
IRt R LR
?+%+%+t ,
D+ -+ 12

2ﬁ+9ﬁ+1%—§+~%
uﬁ+3m-§+32+l
662 +30t+ 8 -5+ 2

6t° 4+ 15t* + 103 + 15t + 30¢
30t% + 20t3 + 30t2 + 30t
15t* 4 303 — 15¢2 + 30t

10t + 24¢° + 15¢* + 20¢3 + 30¢2
48t + 30t + 40t3 + 30¢2
24t° + 45t* — 203 + 30t2

)

Example 3.3. Let us consider 8 = 0 the tangent field with degF =4
th+ B3 +12+t+1
F = A+ 12+t +1
M+ +t2+t+1
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In this example the vectors {F(0), F'(0),F”(0)} are all multiples of the
same vector. The minimal length solutions have ranges shown in Figure 4.
The regular solutions (shown in black) continue regularly toward +oco.

-6 -5 -4 -3 -2 -1 0 1 2 3 4 5 6

Fig. 4: Ranges of the minimal length solutions for Example 3.3.
Regular solutions are potted in black, non-regular in red.

The non-genericity in this case is very strong and shortens both non-
regular solutions. This way there exist solutions with linear denominators.
The spaces for each range are one dimensional and we computed their
generators explicitly:
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Example 3.4. Let us consider § = 0 the tangent field with degF =4

32 +t+1
F= B+t24+t+1
e +t24+t+1

In this example the vectors {F(0),F’'(0), F”(0),F"”(0)} are all multiples
of the same vector. The minimal length solutions have ranges shown
in Figure 5. The regular solutions (shown in black) continue regularly
toward +o0.

-6 -5 -4 -3 -2 -1 0 1 2 3 4 5 6

Fig. 5: Ranges of the minimal length solutions for Example 3.4.
Regular solutions are potted in black, non-regular in red.

The non-genericity in this case is extremely strong and produces one
extra non-regular solutions. The spaces for each range are one dimensional
and we computed their generators explicitly:
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T0 0 IETIZF
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60 30 20 15 12
2 2 3 3 4 12
37+ % 265 + 3 3t 4 12
6t+=2 || 32+2 || 43+ |,
3+ & 2% + % 3t + 2

125 + 15¢* + 20t% + 30t2 + 60t
15t% 4 20t3 + 30t + 60t ,
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10¢6 4 125 + 15¢* + 20¢3 + 30¢2




170

Sir Zbynék

4 Conclusion

We have shown on several examples the structure of the solution space to
Problem 1.1 for non-generic data. It the future we plan to systematically
elucidate the non-generic data case in general dimension.
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Abstract. The paper focuses on the course Geometry at the Faculty of Civil
Engineering SUT in Bratislava, which is intended for students of the study
programm Mathematical and Computational Modeling, and its content is also
adapted to this. It combines classical descriptive geometry with the analytical
expression of curves and surfaces, which allows students to visualize these curves
and surfaces in some mathematical software, e. g. in software Mathematica.
Analytical expressions relate to conics and some surfaces of technical practice,
namely non-developable ruled surfaces, surfaces of revolution and helical
surfaces.
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1 Studijny program Matematicko-po&itatové modelovanie

Vsetky Studijné programy na Stavebnej fakulte STU v Bratislave maji v prvom
semestri Stidia povinny predmet, v ktorom sa Studenti oboznamia so zédkladmi
deskriptivnej geometrie a s ich aplikiciami v stavebnych odboroch. Obsah
predmetu sa pre jednotlivé Studijné programy liSi prave v aplikaciach
zobrazovacich metdd pri zobrazovani objektov Vv konkrétnych oblastiach
stavebnej praxe. V tomto ¢&lanku sa venujeme Studijnému programu
Matematicko-pocitacové modelovanie (MPM).

Absolventi $tudijného programu MPM ziskaju vzdelanie v odbore aplikovana
matematika s orientaciou na pocitatové modelovanie a analyzu inZinierskych
uloh. Pocas S§tadia sa oboznamia s metédami aplikovanej matematiky
(numerické, $tatistické, optimalizacné, grafické a vizualizacné metody). Okrem
toho sa naucia pracovat’ s pocitaCom (programovacie jazyky, operaéné systémy,
pocitacové siete, licencované softvéry). Ziskané poznatky aplikuji vo vede
a technike a to v roznych oblastiach, napr. stavebné, elektrotechnické, strojnicke
inzinierstvo, bioinzinierstvo, geodézia, informatika, pocitacova grafika,
spracovanie obrazu, Statistickd analyza dat, ako aj v oblasti niektorych
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ekonomickych a financnych aplikacii. Informacie o Studijnom programe MPM
a ukazky zavere¢nych prac studentov bakalarskeho a inzinierskeho $tudia su na
stranke [4].

2 Obsah predmetu Geometria

Predmet Geometria, ktory je zaradeny do prvého semestra v bakalarskom $tudiu
Studijného programu MPM, ma stanoveny tyzdenny rozsah vyucby na 2 hodiny
prednasok a 2 hodiny cviceni. Obsah tohto predmetu tvori klasicka deskriptivna
geometria, kde $tudenti riesia jednotlivé tlohy bez pouzitia pocitaca, t. j. rysuju
na papier. Okrem toho st niektoré témy doplnené o analytické vyjadrenia kriviek
a ploch, ¢o umoznuje Studentom zobrazit' tieto krivky a plochy v nejakom
matematickom  softvéri. Jednotlivé témy si podrobnejSie rozpisané
Vv nasledujucich Castiach ¢lanku.

2.1 Deskriptivna geometria

Studenti sa nauéia principy rovnobezného a stredového premietania a tri
zobrazovacie metddy (Mongeova projekcia, axonometria, linedrna perspektiva).
V jednotlivych zobrazovacich metddach potom zobrazuju objekty. Obsah
predmetu tvoria tieto témy:

o Kuzelosecky: definicie kuzel'oseciek a ich konstrukcie, pricom sa doraz

kladie na konstrukcie elipsy a paraboly.

e  Rovnobezné a stredové premietanie: principy zobrazeni a ich vlastnosti.

e Mongeova projekcia: princip zobrazenia, zobrazenie jednoduchych
telies a ich rezov rovinami rovnobeznymi s priemetiiami.
e Axonometria: princip zobrazenia, zobrazenie jednoduchych telies
s podstavou Vv stiradnicovej rovine.
e  Plochy stavebnej praxe: definicie ploch a ich zobrazenie v Mongeovej
projekcii a v axonometrii. St to
o  priamkové rozvinutel'né a nerozvinutel'né plochy,
o  rotacné plochy,
o  skrutkové plochy,
o translacné, klinové a kanalové plochy.
e Stredové premietanie a linedrna perspektiva: princip zobrazenia,
zobrazenie telies stopnikovo-ubeznikovou metddou.
e Ciary: homogénna sustava suradnic, krivost’ &iary, interpolacia,
aproximacia a spojitost’ ¢iar.

Prednasky aj cviCenia st spracované vo forme prezentacii programu
PowerPoint a $tudenti ich maju k dispozicii v akademickom informa¢nom
systéme. Okrem toho mézu vyuzivat elektronické skriptd, kde su spracované
rotacné a skrutkové plochy (pozri [1]), priamkové, translacné, klinové a kanalové
plochy (pozri [2]) a stredové premietanie a linedrna perspektiva (pozri [3]).
Prostrednictvom tychto prezentacii majt Studenti dostatocné mnozstvo rieSenych
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prikladov, ¢o im umoziuje lepSie pochopit’ jednotlivé témy. Na obr. 1 je ukazka
jedného prikladu zo skript [1], kde je zobrazeny jeden zavit uzavretej Sikmej
priamkovej skrutkovej plochy v Mongeovej projekcii a v kolmej axonometrii.

vznikne skrutkovym pohybom tsecky AB. Skrutkovy pohyb je pravotocivy, dany je osou o a vySkou
zévitu v. Pre jeden zavit zobrazte 12 pol6h skrutkovanej usecky.

10,52
S8 - zhrnutie ,Wéz 2
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% V Mongeovej projekcii a v kolmej axonometrii zobrazte jeden zavit priamkovej skrutkovej plochy, ktora
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Obr. 1: Uzavreta $ikma priamkova skrutkova plocha

2.2 Analytické vyjadrenia

Niektoré témy predmetu Geometria st doplnené o analytické vyjadrenia kriviek
a ploch. V ramci tohto predmetu nie je priestor na pracu s nejakym novym
softvérom, ale v prvom semestri bakalarskeho $tudia maju Studenti Studijného
programu MPM aj predmet Softvér (Mathematica), kde sa u¢ia pracovat’ s tymto
softvérom. Preto mozu ziskané analytické vyjadrenia pouzit’ na modelovanie
kriviek a ploch prave v softvéri Mathematica.

Pri téme kuzeloseCiek sa Studenti naucia zistit' typ kuzeloseCky z jej
vSeobecnej rovnice a to pomocou determinantov. Okrem toho sa dozvedia
vSeobecné a parametrické rovnice kuzel'oseciek, ktoré maju osi rovnobezné so
suradnicovymi osami, obr. 2. Parametrické rovnice tychto kuzelosecick budu
potrebné pri urovani parametrickych rovnic ploch.
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Elipsa
Elipsa so stredom S[0,0), o = x a dlzkami a, b hlavnej a vedlajsej polosi: y
2 2 C
+ vieobecndrovnica: * .Y _j
a’ b

parametrické rovnice: x=a.cost,

/b
y=bsint, te<0,27>. AK—SJB x
D

Elipsa so stredom S[m,n], %o || x a dizkami a, b hlavnej a vedtajiej polosi:

2
« vieobecna rovnica: m + y n)z =1
a’ b?

* parametrické rovnice: x=m+a.cost,
y=n+b.sint, te<0,27>.

3

2
A\m\;ajs

m X

Obr. 2: Analytické vyjadrenie elipsy

Priamkové rozvinute'né aj nerozvinutelné plochy vyjadrujeme pomocou
parametrickych rovnic. Pri nerozvinutenych plochach uvazujeme s istymi
obmedzeniami a to kvoli vypoctom rovnic. Pre uréujuce krivky tychto ploch
plati:

e pri cylindroidoch je riadiaca rovina rovnobezna s niektorou

suradnicovou rovinou,

e pri konusoidoch je jedna riadiaca krivka niektora siradnicova os.

Na obr. 3 je zobrazeny kruZnicovy konoid v softvéri Mathematica. Tato plocha
je zobrazena v skriptich [2] a to v Mongeovej projekcii a aj v kolmej
axonometrii.

Obr. 3: Kruznicovy konoid



175

Geometria pre §tudijny program Matematicko-pocitacové modelovanie

Nerozvinutelné¢ priamkové plochy zobrazuju Studenti aj na zadani, ktoré
vypracuju doma. Hodnotenie zadania je sti¢astou hodnotenia celého predmetu.
Studenti zobrazuju jednu plochu v Mongeovej projekcii, v axonometrii, po¢itaju
parametrické rovnice tejto plochy a ako dobrovolnad ¢ast’ tohto zadania je aj
zobrazenie plochy v nejakom matematickom softvéri. Na obr. 4. je jedno takéto

vypracované zadanie.

Obr. 4: Stramberska traba

Parametrické rovnice rota¢nych, resp. skrutkovych ploch, kde os rotacie,
resp. os skrutkového pohybu, je siradnicova os z, sa urcia jednoducho. Rovnako
je to gj s translaénymi plochami. Na obr. 5 je v softvéri Mathematica zobrazeny
jednodielny rotaény hyperboloid a hyperbolicky paraboloid ako transla¢na

plocha.

Obr. 5: Jednodielny rotaény hyperboloid a hyperbolicky paraboloid

Poslednou témou na predmete Geometria si &iary. Studenti sa naucia
zapisovat’ vlastné a nevlastné body pomocou homogénnych stradnic, vyjadrit
prva a druht krivost’ ¢iary a aj geometricky vyznam tychto krivosti. Okrem toho
sa obozndmia s typmi modelovania (interpolacia, aproximacia), s niektorymi
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kubickymi oblukmi (Fergusonova kubika, Bezierova kubika, Coonsova B-splajn
kubika) a so spojitostou ¢iar (parametricka a geometricka spojitost’).

3 Zaver

Studenti $tudijného programu Matematicko-po¢itatové modelovanie ziskaju
v predmete Geometria informécie o principoch a vlastnostiach rovnobezného
a stredového premietania, ktoré neskor mézu vyuzit’ pri svojom d’alSom §tadiu
alebo v praxi. Okrem toho sa oboznamia s analytickymi vyjadreniami kriviek
a ploch, pomocou ktorych ich jednoducho vymodeluji v nejakom vhodnom
softvéri.
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Abstract. Vedutes of cities, castles and military fortresses are a frequent part of
the historical maps, however, they also form separate works that have an artistic,
cartographic, but also geometrical character. From the point of view of
archaeological research, vedutes have an important informative character
documenting objects of the past times. In the contribution, we will present
projection methods used in the vedutes and sample of the analysis of the
geometric shape of the Nové Zamky fortress and a comparison with the shape
presented on the vedutes by Johann Ledentu.
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1 Introduction

For us, the vedutes of cities and fortresses have an artistic, but also a historical
and documentary value, which makes a significant statement about the events of
the given period [4]. A veduta is defined like a highly detailed, usually large-
scale painting or, more often, print of a cityscape or some other vista. Vedutes
were widespread from the 17" century to the mid-19" century, used e.g. on old
maps; veduta painting reached its peak in the 17" and 18™ centuries in the
Netherlands and Venice.

The creators of vedutes, called vedutists, processed the image of objects on a
different geometric level, which significantly affects the value of the statement
about the objects of the given time. In the article, we will show the range of
projection methods used by vedutists. A frequent phenomenon is that they
idealize the geometric regularity of the shapes of parts of cities, castles or
fortresses, which we will show using the example of the Nové Zamky fortress.
We will also present an analysis of the geometric shape of the Nové Zamky
fortress and a comparison with the shape presented on the vedutes by Johann
Ledentu.

Vedutes were very often part of historical maps, vedutes of important cities
were located on the edges of maps of the world, continents and countries. In the
study of their geometric aspects, we worked with vedutes that form a separate
work.

2 Geometry and vedutes

In 1686, Anton Ernst Burckhard von Birckenstein (active 1686-1744) published
Erzherzogliche Handgriffe des Zirkels und Linials in Vienna (three years later in
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Augsburg) as a geometry textbook for the eight-year-old Prince Joseph (1678 —
1711), son of the King of Hungary and Bohemia, Archduke of Austria and
Emperor of the Holy Roman Empire of the German nation Leopold (1640 —
1705). The book contains 110 vedutes of Hungarian cities, castles, fortresses and
mansions, in the upper parts with a structural geometric study, the process of
which is described in the introductory part of the book. The vedutes are
complemented by figures, often with motifs associated with the Turkish threat
and plunder. The author of copper engravings combined with etching (with a
uniform size of 163 x 100 mm) is a Dutchman from Utrecht, Justus van der
Nypoort (around 1625 — after 1692) [3]. In Fig. 1 (left) is a veduta of the
Hungarian city of Hatvan with a construction of a triangle similar to the given
triangle and a description of this construction is in Fig. 1 (right).

Fig. 1: Sample from the book Erzherzogliche Handgriffe des Zirkels und
Linials by Anton Ernst Burckhard von Birckenstein [1]

Vedutists used several projection methods, such as perpendicular projections
(horizontal projection, vertical projection), various types of axonometry, central
perspective of the object in frontal and non-frontal positions, and also a
panorama, which intuitively indicated the properties of a cylindrical perspective.

The veduta, on which the horizontal projection is used, is considered a map
city plan, or fortress plan. On the Fig. 7 is veduta of the Nové Zamky fortress
created by Johann Ledentu with using Horizontal orthogonal projection with
vertical profiles.

Vertical orthogonal projection with shading on the vedutes of Frakné
Castle (Burg Forchtenstein) is shown in Fig. 2. This castle is one of the symbols
of Burgenland.
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Fig. 2: Vertical orthogonal projection on the veduta of Frakno Castle created
by Justus van der Nypoort [1]

A demonstration of Cavalier perspective (axonometry) is on the veduta on
Fig. 3, it is the most beautiful and perhaps the most reliably depicted Trnava, as
it looked at the beginning of the 1840s. The author was the young Austrian Josef
Jager (1721-1793). The woodcut was used for the first time only in 1781.

) L @/zfnw\m 994

Fig. 3: Cavalier axonometry on the veduta of Trnava created by Josef Jéiger [2]

The most used projection method on vedutes was Central perspective. An
example of Central perspective of the object in the frontal position is on the
veduta of the Estherhazy Castle in Kismarton (Eisenstadt), Fig. 4. Originally built
in the Gothic style (1364) by the Kanizsai family, it was rebuilt into a charming
Barogue castle in the second half of the 17™ century. The castle underwent
classicist modifications at the end of the 18™ century. Today, two-thirds of all
premises are home to the federal government of the state of Burgenland [10]. The
veduta of the Estherhazy Castle in Kismarton is created by Justus van der
Nypoort in a Central perspective of the object in the frontal position, where the
Principal point (equal Vanishing point) is to the upper right of the image of the
object. It is therefore a bird's eye perspective, but it also has an error in the
incorrectly projected left garden wall.
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Fig. 4: Central perspective in veduta of Kismarton (Eisenstadt) created by
Justus van der Nypoort [1]

Fig. 5: Central perspective in veduta The Quattro Fontane Looking Toward
Santa Maria Maggiore created by Lieven Cruyl [9]
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Central perspective of the object in the non-frontal position is applied on
the vedutes of Dutch painter Lieven Cruyl (1634 — 1720), he is mainly known
for his drawings and graphic work depicting cityscapes. The panoramic settings
of the drawings and the precise technique are believed to have set a standard for
veduta designers and painters after him. He preferred unusual and complex
perspectives which reflect the scientific construction of his drawings. In Fig. 5 is
his veduta called The Quattro Fontane Looking Toward Santa Maria Maggiore
with a very precisely used Central perspective of the object in the non-frontal
position.

Several vedutes of the 171" and 18th centuries featured the use of a panorama
with an intuitive application of the geometric properties of the cylindrical
perspective. In Fig. 6 is color panorama of the city of Trnava created in 1720.
The author of the copper engraving from 1688 is Friedrich Bernhard Werner and
the painter Johann Christian Leopold.

Fig. 6: Panorama of Trnava created by F. B. Werner and J. Ch. Leopold [8]

3 Analysis of the fortress Nové Zamky on the vedutes

In 1639 vedutes of the 2™ fortress Nové Zamky (Fig. 7 and 8) were created by
Austrian painter, draftsman and engraver Johann Ledentu (1602 — 1654). The
ground plan of this fortress was designed according to the model of the so-called
ideal cities* to meet economic and military needs. It had the form of a regular
hexagon with a rectangular street network and a central square. The fortress had
2 gates, Viedenska and Ostrihomskd, and 6 bastions: Forgach Bastion (now
Calvary); Bohemia Bastion; Ernest Bastion; Ceasarion Bastion; Michael or
Fridrich Bastion; Jerome Bastion [7].

Johann Ledentu depicts the fortress of Nové Zamky as a city whose basic
shape is a regular hexagon. This precondition was the basis for the creation of
both vedutes, in Fig. 8 also see a correctly used Central perspective. As part of
the research project, we analyzed the shape of the Nové Zamky fortress, using
the following procedure:
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- Determining the coordinates of the vertexes of the hexagon of the fortress
walls from the map of Nové Zamky in Google Earth (Fig. 9).

- Calculation of geodetic line segment lengths on the ellipsoid GRS 80.

- Calculation of azimuths at the end points of geodetic lines.

- Transformation geodetic lines in the Lambert conformal conic projection
with parameters for Slovak Republic (Fig. 10).

- Evaluation of the analysis results.
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Fig. 7: Ground plan of the Nové Zamky fortress created by Johann Ledentu
U U U

Fig. 8: Central perspective in the veduta of the Nové Zamky fortress created by
Johann Ledentu

The Tab.1 shows the results of calculations of the lengths of the geodetic lines
of the sides of the hexagon forming the original walls of the fortress and their
azimuths. Calculation were realized in software WOLFRAM Mathematica. The
results showed that shape of Nové Zamky fortress is irregular hexagon with
one axis of symmetry, the longest walls have entrance gates and are
approximately the same length and the remaining pairs of neighbouring walls are
approximately the same length. Transformed hexagon is on the Fig. 10 (left) and
displayed in the Google maps is on the Fig. 10 (right).
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Fig. 9: Determining the coordinates in Google Earth

Bastion name Latitude Longitude Azimuth Distance [m]
Forgach 47°59'3.21" 18°9'56.35" 19°47'22" 2316
Bohemia 47°59'10.26" 18°10'0.14” | 317°58'13" 2225

Ernest 47°59'15.76" 18°9'53.21" 266°48'4" 2217
Caesarion 47°59'14.59" 18°9'43.08" 199°31'2" 2329
Michael 47°59'7.49" 18°9'39.32" 138°30'53" 2134
Jerome 47°59'2.32" 18°9'46.15" 82°34'18" 2129

Tab. 1: Results of analyses

X

Ceasario
bastion

2
o
A4

Bohem
bastio

o

Michae,
astion N>

o
%

"2

ia

hastiol

<
/
J eromﬁlZQ

r b
rorgacrr

bastion

mo
izj)astjoh

~

Forgach’:

& 79w bastion.

Fig. 10: Walls of the fortress in Lambert conformal conic projection for SR

(left) and in the Google maps (right)
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4 Conclusion

The paper showed that vedutes form an important part of cultural heritage and
speak about the phenomena of the past with varying degrees of reliability.
Geometric methods of projection on the vedutes exceed the level of works of art.

The analysis showed that the shape of the Nové Zamky fortress is not as
symmetrical as it was supposed to be. Since we analysed only the walls of the
fortress, the position of which determined the current shape of Nové Zamky
center, it is necessary to investigate the position of other elements of the fortress
in cooperation with archaeologists, using other sources such as old maps and
surveys.
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Abstract. Pselical surfaces form a specific group of surfaces that can be
regarded as generalized two-axial surfaces of revolution, namely surfaces of
Euler type. These surfaces can be generated from a basic curve by applying two
systems of interlinked central collineations. Armiloid, as one typical
representative of this group of surfaces, has been defined synthetically and
presented in 1939 by Professor Dr. FrantiSek Kadefavek. In this paper we
describe the synthetic construction of armiloid, introduce its analytic vector
representation and further generalize the group of pselical surfaces. Illustrations
of surface form variations are included.

Key words: Pselical surfaces, armiloid, central collineation, generalized surfaces
of revolution, modelling surfaces

1 Armiloid and pselical surfaces synthetic definition

Pselical surfaces, and armiloid as one typical representative of this group, were
defined and presented in 1939 by Professor Dr. FrantiSek Kadefavek (1885 -
1961) in his short paper ,,Generalisation of surfaces of revolution* published in
the scientific journal Vé&stnik Kralovské Ceské spole€nosti nauk (1939), tiida
matematicko-piirodovédna, volume 1939, XVII, [1], see Fig. 1 and Fig. 2.

XVIL

Zevieobecnéni rotadnich ploch

Véstnik Kralovské ceské
spole&nosti nauk. Trida
mathematicko-pfirodovédecka

Nagsal de, P, KADERAVEK, Prabi.

(Pheloteno duo 10, kybas 1038.)

Mémoires de la Société royale des
sciences de Boheme. Classe des
sciences

ISSN 1210-5899

Prejit na periodikum

Sdrugenymi ;
ktivku A jech B Dokument neni vefejné pfistupny
v bo

Roénik
Rok vydani 1940
Roénik 1939
Prejit na roénik

Datum vydani 1940
Cislo
Nasledujici &islo

Nakladatelské udaje
V Praze: Krélovska ceska spolecnost
nauk.. 1918-1953

Fig. 1: The first page of the published paper (digitized version)
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Armiloid was defined as surface generated by a composite ,,movement* of an
arbitrary basic curve (Dr. Kadetavek used a curve that is the front view of the
cast shadow of a straight line on a torus), that is composed from two systems of
interlinked central collinear transformations. Axes of these transformations are
in two skew and perpendicular lines in the projective space, while centres of
one system of the central collineations are located always on the axes of the
other system involved. Even more, characteristics of the two related systems
are inverse real numbers.

Surfaces generated by described generating principle form the group of pselical
surfaces, and they can be generated from an arbitrary basic space curve, circle
or ellipse in the simplest form. Illustrations in the article show also special
surface forms in specific basic curve position and form. Surface and group
names are related to the Latin and Greek words ,armilla“ and ,,yeliov®
meaning bracelet, based on the shape they resemble.

Zevieobeenéni rotaénich ploch. 3
2 Fr. Kodekivek: rotaéni, protoie viechny povrchové elipsy armiloidu 5 se v prostoru
prefadi tak, Ze zistanou homotetickymi, ale jejich stiedy prejdou vesmés
na pfimku 0. T moZno zde pro tento zvlidtni armiloid délati zivéry na
fezy rovin dvakrdt se plochy 4 dotykajicich z vlastnosti anuloidu.

Kolineaci i afinitu kiivek Fidicich lze pii vytvofovéni armiloidu si
avoliti tak, aby jedna z dvojiny hlavnich kiivek Fidicich M a N, na pii-
Kklad M, piedla do Tento pifpad je vyznaden v obr. 4. K¥ivka M
piesla zde do fsetky uniplandrnich bodi plochy #, podél n% se oba jeji
plaats, jeden vyplnény body eliptickymi, druhy body hyperbolickymi,
navzijem dotykajf. Oba plasté jsou rozdéleny dvéma kruinicemi krate-
rovymi, které vytyéuji v M dva body kuspidélni. Soutet () — ) pro
kolmé stiténi o zikladni roviné totoZné s promitaci rovinou ptimky M
do nirysny v pfevadi tento armiloid do rotaéni plochy.

Obé kiivky M a N mohou i byti dvémi vétvemi téke kivky, kterd
je sama k sobé kolinedrnf pro osu 10 a stied 20, (obr. 1), po pFipadé
sama k sobé afinni nebo soumérnd podle osy 0. Tak pfi plode zobrazené
v obr. 5 kfivka M = N byla zvolena v jediné kfivce eliptické a za homo-
tetické fezy tvoifel zvoleny byly kruhové Gpatnice 4, B, C, . .. Plocha
zde zobrazena neni viak geometrickym celkem. Vedeme-li osou O libo-
volnou rovinu, jsou v nf k obloukim M a N kfivky kolinedrni, ale ne-
tvorief jednu kuZelosetku, protoZe zvolené fezy 4, B, C, . . . nejsou podle
osy O centricky soumérné. Je ziejmo, #e zobrazeni plocha a dald plocha,
k nf podle osy O osové soumérnd, dotykajicf se ji podél M a N a majiei
v roviné jdouci osou 0 kolmo k roviné kiivky Fdici dalii kuZelosedku s nf

teprve doh ly tvoii icky celek.

Jsou-li tvoficf i Fidicf kiivky kiivkami algebraickymi a je-li souhrn
stupitii kiivek M a N rovny m a jsou-li tvofici kiivky 4, B, ... stupnd
a-tého, je vytvofend plocha algebraickou plochou stupné 8=a .m: 2.

RESUME,

ny E’ uréujf kuelovou plochu o vrcholu w, kterd se dané plochy 5 podél

kiivky E dotyks.

Uvalovand plocha 5 zevieobeciiuje rotatnf plochy, jak z uvedeného
jest patrno. Poufité plocha svym tvarem pkpomind praehistorické
néramky — latinsky armilla, fecky édior — (obr. 2), plochy tohoto
zdkonného vytviteni vyskytaji se fasto v technické praxi a zevieobec-
fiuji plochu prstence — anuloidu, plochu spirickou — proto je
pro né vhodnym ndzvem jméno: plocha ndramkové — armiloid,
plocha pselickd.

V obr. 3 zobrazeny armiloid 7 mé v roving » dvé afinni elipsy M a N
jako kiivky fidicf, v rovinich rovnob&nych s rovinou x jsou na ném
poloZeny homotetické elipsy C, D, E, . .. Vyhleddme-li pro smér s&iténi
totoZny 8 a, elipsu & = (M + N) : 2, tu pro prostorové stitdni o zikladni
rovind @ | »a smér séfténi kolmy k  bude soudet { = (5 — ), kde ¢ jest
vileové plocha kolmé k v a majici v e svilj ndrys, afinni plochou k plode

Fig. 2: The second and the third page of the published paper (digitized version)

Sur la généralisation des surfaces de révolution.

Etant données deux courbes homologues M, N pour les axes 10 | *0,
on peut construire sur les cordes joignantes les points conjugés des
courbes M, N dans les plans du faisceau *0 les courbes 4, B, C, ...
aussi homologues pour les axes *0 | 10. Les courbes 4, B, C, ... font
une surface — une généralisation des surfaces de révolution, ressem-
blante au bracelet, armilla en latin, et c'est pour cela qu'on peut
appeller cette surface un armilloid. Cette surface est munie de deux
systémes des courbes homologues entre eux lelong lesquelles touchent la
surface les cones ayant les sommets sur les axes 10,20, On peut choisir
les courbes A, N dans les deux branches d’une méme courbe ou remplacer

une ¢ "
D 0 = % & M
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Synthetic construction of armiloid generated from a basic ellipse had been
described in papers [2] and [3], where also vector equation of this particular
surface was presented. Animation of this construction could be repeated using
GeoGebra program, while using sliders one could easily model the form of the
surface based on the parameters representing form of the basic ellipse.

Let the axes of the two collinear systems be two skew lines located in the
vertical and in the horizontal plane (frontal and ground image planes in Monge
method) and both be perpendicular to the planes pierce line, while centres of
the systems are their intersection points with this line, alternately. Basic ellipse
in the vertical plane determined by semi-axes and centre on the pierce line be
mapped to its collinear image in the vertical plane. Revolving the vertical plane
about the axis of this collineation, while its characteristics is changing
depending on the angle of rotation, one system of parametric curves on the
surface can be generated, see Fig. 3.

Orthographic projections of the basic ellipse and its collinear images onto the
horizontal plane generate system of collinear line segments in the other system
of central collineations in this plane. Arbitrary chosen curve passing through
collinearly dependent points determines the other system of surface parametric
curves that are homothetic and collinearly dependent. Generated surface keeps
the property of the envelope tangent cone along each curve form this
parametric system, which was the reason for the title of Dr. Kadetavek paper
“Generalisation of surfaces of revolution”.

Pencil of planes with axis in line o,

by revolving the basic vertical plane
forming thus pairs of corresponding
collinear ellipses to determine the
other system of parametric curves on
armiloid.

Planes intersect parametric curves of the first
systemin collinearly corresponding points
determining pairs of collinear ellipses with
respect to X! (red) and centres moving on o,
mapped onto horizontal plane to collinear line
segments with respect to %% (green).

Fig. 3: Example of armiloid parametric curves construction in GeoGebra
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2 Analytics representation of pselical surfaces and its
generalisation

Consider basic position of the axes of the two collinear systems directly in the
coordinate axis z and in the line parallel to the coordinate axis y. Basic ellipse
located in the coordinate plane Oxz be determined by semi-axes a (on axis x)
and b (on parallel to axis z) and centre with coordinates O = [m, 0, 0]. Vector
equation of the armiloid is then as follows

(m + a cos 2mu)h(v) cos 2mv
p(u,v) =| (m + acos 2nu)h(v) sin 2nv |, (u,v) € [0,1]?
b k(v) sin 2mu

where k(v) = %v) be functions that represent the two dependently changing

characteristics of the two central collineation systems. Values of these functions
determine forms of the surfaces, as they influence the form of the basic curve
collinear images. Several examples are presented in the Fig. 4.

Fig. 4: Example of various forms of pselical surfaces
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3 Generalisation of pselical surfaces

Pselical surfaces form a specific group of surfaces that can be regarded as
generalised two-axial surfaces of revolution, namely surfaces of Euler type,
introduced in papers [4] and [5]. Characteristics functions are constrained by
specific limits with respect to their domains and range, as their values influence
the form of the generated surfaces. In order to determine a closed surface,
functions must be continuous and they have to satisfy the following
1

vve[0l]:k(v) = m,h(v) #0 A h(0) =h(1)
To further generalize this group, we will not consider these constraints and
introduce three independent continuous functions defined on the same domain.
Then the form of the generalised pselical surfaces parameterisation be

(m + a cos 2ru)h(v) cos 2mv
p(u,v) = (m + acos 2nu)k(v) sin2mv |, (u,v) € [0,1]2
b l(v) sin 2mu

and many new forms of surfaces can be modelled and investigated.

Fig. 5: Example of various forms of generalised pselical surfaces
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4 Conclusion

Initial idea of Professor Dr. Kadefavek to determine a specific group of
surfaces by means of their synthetic construction based on 2 related systems of
central collineations applied to an arbitrary curve was presented in the paper.
Generated group of pselical surfaces with a typical representative “armiloid”
was described also analytically, while the main idea of the dependent
characteristics of the 2 systems was represented by characteristics functions
with special features. Further generalisations were suggested, leading to
specific forms of generated surfaces. By means of axial affinities used instead
of central collineations, many new forms of surfaces can be generated, as
illustrated in Fig. 6.

Thanks to clever old master geometers from the last millennium and their ideas,
we can enjoy today, using our sophisticated digital tools, generated wonder
shapes they were probably not aware that are possible.

Or maybe they did ...

Fig. 6: Examples of interesting forms of generalised pselical surfaces
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Abstract. The term “symmetry” usually translates this Greek-composed word
as “equal measure” and interprets it as “Euclidean isometry”. Such a restrictive
interpretation is much too narrow, and even it covers a wide field in Geometry
and Mathematics it pays to have a broader view on it. Mathematically restricted
it mainly deals with the infinite Euclidean plane or n-space and the symmetry
groups of infinite or finite objects in such a space. It is global and absolute. In
contrast to this, the detection of what is subsumed as “symmetry” acts locally on
different abstraction levels of our natural (and artificial) environment. It means
to discover a certain law and structure from a sample of objects in space and
time. From a few footprints of an animal trail, it is not far to imagine an infinite
frieze and apply this insight to ornaments. The detection of structures and
similarities requires abstraction abilities. Finally, these abstraction abilities can
also be applied to men-created abstractions, e.g. Geometry and Mathematics,
but also other fields of science and art. From finding the same abstract structure
within different realizations it seems natural to ask for all objects with that
structure and to modify that structure to gain a bigger family of related objects.
In other words, we deal with and handle “classification problems”. The paper
deals with some explicit examples of the above-mentioned topics, focusing on
Geometry and esthetical aspects of different symmetry levels.

Key words: Symmetry, reflection, ornament, equidistant set

1 Introduction

Mathematically restricted the term “symmetry” mainly deals with the infinite
Euclidean plane or n-space and the symmetry groups of infinite or finite objects
in such a space. Symmetry acts globally and it is absolute. In contrast to this,
the detection of what is subsumed as “symmetry” in our environment acts
locally on different abstraction levels of our natural (and artificial)
environment. It means to discover a certain law and structure from a sample of
objects in space and time. From a few footprints of an animal in snow or mud,
it is not far to imagine an infinite frieze and apply this insight to ornaments.
The detection of structures and similarities requires abstraction abilities.
Finally, these abstraction abilities can also be applied to men-created
abstractions, e.g. Geometry and Mathematics, but also to other fields of science
and art. From finding the same abstract structure within different realizations it
seems natural to ask for all objects with that structure and to modify that
structure to gain and finally to define a bigger family of related objects. In other
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words, we deal with and handle “classification problems”. The paper deals with
some explicit examples of the above-mentioned topics.

2 “Symmetry”: What is meant by this concept?

We start with comparing the mathematical/geometric standard translation of the
concept “symmetry as “equal measure* with the meaning it has at a common,
less mathematical viewpoint.

The mathematical point of view speaks of “symmetries” as congruence
relations, which need a geometry, mainly Euclidean, but also a non-Euclidean,
affine, projective, Mobius, Laguerre or even more general geometry. In
addition, the concept “symmetry group” means the subset of the group of
automorphisms of an object, the plane, an n-space, a curve or k- or hyper-
surface, and of patterns as e.g. a frieze, rosette, tiling, mosaic. Among
symmetries, reflection is a special, involutoric case, which can be used to
generate geometry, see [1].

The main property of the mathematical concept of “symmetry” is, that it acts
globally. Friezes and tilings are imagined as infinite, and the symmetry groups
of e.g. Platonic solids act in the whole space!

From a projective geometric viewpoint, reflections are harmonic axial
collineations, i.e. harmonic homologies with a pair of skew axes, (e.g. point
and hyperplane, or, more general, k-space and (n-1-k)-space).

The common general interpretation of the concept “symmetry” seems to
comprise many meanings: XYM— means “together, common, similar” and it
occurs in “symphony, sympathy, symbol, symptom, ...”, but also in “synthesis,
synchronous, and syndicate, ...”. The other part, -METPON, was/is used for
“well-proportioned, harmonic, analog, inner coherence, (same) rhythm, tact,
stroke, measure”. We still use “measure” in a wide sense, when “taking
measures”, “to pace”, using a “metronome” in music, and speaking of
“meter/measure”, “hexameter” etc. of a poem.

By the way, similarly, the standard translation of “Geometry” as “land
surveying” should also be questioned. Nile floods provide the planes of the Nile
valley with 3 to 5 mm mud, so the bounds of agricultural lands remain visible
and land surveying in our sense was not necessary, but of course, it was a need
for building temples. When we relate “Geo-“ to “Gaia” (meaning the “world”,
the “cosmos”) and “-metry” to its “inner connection and harmony” (see above),
we find “Geometry” as a worldview and knowledge cultivated and kept secret
by the priestly caste in ancient Egypt. Now the door plate at Platon’s Academy
in Athens also makes sense: “No entrance for Geometry-ignoramuses!”

We find “symmetry” within all kinds of Art and Science, in dance, music as
well as in literature. In a more general sense, it occurs in chemistry, biology,
physics, and technics. The characteristic feature of these occurrences is that
“symmetry” is detected via abstraction and acts locally at different levels in
natural and artificial structures.
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In the following, we give some examples of such intuitively recognized
abstractions of “symmetry”.

3 Intuitively recognized “rough” symmetry

In nature, the traces of animals, a group of dancers, braiding and juggling let us
guess abstract frieze and rosette structures, see Fig. 1-3.

Fig. 2: A trace and braiding are “friezes”.  Fig.3: A meeting as “rosette”,
(3, p-601)

We call animals symmetric in spite of their current state of movement, and we
take human faces, hands, body, as well as cattle horn and deer antlers for being
“roughly” symmetric. The rhythm of walking, dancing, and breathing represent
the idea of frieze-ornaments. Cars and vessels are taken to be symmetric, even
so, the steering wheels are not positioned according to the “main” symmetry.
Parts of plants, and especially flowers, represent the “idea” of symmetry.
Similarly, also the Golden Section can be recognized in nature and art only by
approximation as an idea! Pottery, carpet weaving, and basket weaving are
further examples, where one can abstract rotational symmetry as well as friezes
and wallpaper ornaments. The most natural appearance of symmetry is
reflections on quiet water surfaces, see Fig.4.
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Fig. 4: Example of a reflection on a quiet water surface.

The key for abstracting (rough) symmetry is the recognition of a generation law
of e.g. a frieze from a sample of few elements.

Similarly, also the recognition of a fractal is based only on very few steps of
iteration, which already allow guessing its generation law!

Fig. 5: Example of a generalised symmetry based on similarity,
showing the idea of a fractal: the romanesco plant.

House facades and architectural details often show “multilevel” (mirror)
symmetry, see Fig. 6. From Vitruvius to Palladio, and further from baroque up
to now mirror symmetry of buildings plays an important role. Multilevel
symmetry suits well to the natural way to look at our environment from
different distances: We notice e.g. a forest from abroad, trees being closer,
branches and finally leaves, flowers and their inner details. Ornamentation of
facades in different cultures follows this scheme, see Fig. 7. Multilevel
symmetry suits well to the natural way to look at our environment from
different distances: We notice e.g. a forest from abroad, trees being closer,
branches and finally leaves, flowers, and their inner details. Ornamentation of
facades in different cultures follows this scheme, see Fig. 6-7.
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Fig. 6: Examples of multilevel mirror symmetry of facades and its details.

Left: Shaker’s house (USA), ([5, p.56]);
right: Shibam houses (Jemen).

A IS T

o

My EASSSSe

Fig. 7: Example of multilevel mirror symmetry with not symmetric details
at the facade of the town hall in St. Veit an der Glan (Austria).
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4 Symmetry and its aesthetical and psychological aspects

Temples and churches show symmetry as well in their architecture as in their
decoration and ornamentation, independent of cultural background and time. It
seems that regularity and symmetry express and symbolize best the perfect
harmony of creation, sees Fig. 8, 9.

m— .
Fig. 9: The Great Mosque at Isphahan (Iran), Monastery Altenburg (Austria)

When the philosophy of the ancient Greeks and their worldview interprets
matter as a mixture of Platonic solids, it shows that regularity and symmetry is
seen as of divine origin and that it represents the ideal, perfect world. Also J.
Kepler’s “Harmonices Mundi” is based on this viewpoint. Medieval and
baroque monasteries show highly symmetric architecture and decoration at
buildings dedicated to worship, while profane buildings often consciously are
built with “broken symmetry”.

While the above-mentioned facts result from human reasoning about the
world, there come also similar facts caused by human psychology of “data
processing economy’: Symmetry and regularity save data and speed up the
interpretation of what we recognize! For example, the sculptured mask Fig. 10
is seen as a face even at skew angle despite of binocular view!
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Fig. 10 Granit sculpture “mask”, Oslo (Norway).

The following series of pictures emphasizes the “regularising urge” of human
psychology, (Fig. 11).

Wahrgenommenes rechtwinkliges Zimmer

Guckloch

Fig. 11: “The regularising urge”, ([6, p. 50-51]).

We also notice that architectural and decoration habits up to Worldwar 11 suit
quite well to the natural viewing experience recognizing different details at any
distance. Modern architecture neglect that and presents facades belonging
rather to fortresses than to civil buildings. For fortresses such decoration-less
facades, appearing cool and repellent, this attitude is intended. Modern
decoration-less buildings sometimes occur as giant sculptures at far distances,
but look boring when being close to them, see Fig. 12.

Fig. 12: Medieval city fortification, (Khiva, Usbekistan) versus modern
architecture (National Museum (2021), Oslo, Norway)
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5 Symmetry as an abstract elementary mathematical concept

At preschool-, primary and secondary school levels “symmetry” is dealt with as
reflection, at first as an abstraction of observations in the pupils’ environment
with the purpose to derive properties of congruences. Hereby the first
application is the “perpendicular bisector” — a misleading name for the
“equidistant set of two points” (rep. of a line segment). In the plane of common
view (endowed with a Euclidean structure) this set is just one single line, the
axis of a reflection, mapping one point into the other. In a hyperbolic or elliptic
plane, this equidistant set consists of a pair of lines, both being axes of a
reflection mapping one point into the other. When we enclose the Euclidean
plane by an “ideal line”, this line fulfils the equidistant set property, too.

Furthermore, we find that

The equidistant set of linear subspaces of an n-space with Cayley-Klein
metric is an object of 2" degree.

For example, it is well known that, in the Euclidean plane, the equidistant
set of a point P and a line | is a parabola. In the hyperbolic plane (Fig. 13
shows the Klein model of a hyperbolic plane with absolute conic ®) this set is a
conic again, the construction of which is the hyperbolic version of that of the
Euclidean parabola.

Fig. 13: Equidistant conic of a point P and a line I in a hyperbolic plane.

Just to mention it, in the Euclidean 3-space, the equidistant set of a point P
and a plane = is a paraboloid of revolution, the tangent planes of which act as
axes of reflection mapping P to a point P’ of © and reversely, n to a plane @’
through P. The equidistant set of two intersecting lines is a pair of orthogonal
planes, each the axis of a reflection. The equidistant set of two skew lines is an
ortho-hyperbolic paraboloid, while the equidistant set of a line and a plane is a
cone of 2" degree. Generalizations might concern the metric (e.g. stemming
from a normed space), the number of subspaces, and finally, replace the
subspaces with submanifolds.

One might ask now, what is the dual to equidistant sets? It would be logical
to call it “equiangular sets”, but this concept is already coined for polygons,
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where adjacent sides enclose a fixed angle. The concept “isoptic point set”
could act as a replacement, even so it is not the proper dualization of
equidistant pointset, as the correct version should concern hyperplane sets. In
Fig. 14 we visualize the different approaches:

AN /
< 7
/ AN

4 N

Fig. 14: The isoptic set of two points without precribed angle does not make
sense (left); the isoptic set of three points is their Fermat-Steiner point
(middle). The dual of the equidistant set of two points is a pair of two
pencils of orthogonal lines intersecting a given pair of lines by the
same angle, (right).

In Elementary Geometry, Symmetry resp. reflections are used as a tool for
solving extreme value problems. For example, given the points A, B, and a line
g, find a point C’ on g, such that the distance AC’ + BC’ gets minimal, (Fig.
15). A similar problem asks for the triangle P’Q R’ inscribed to a given triangle
ABC, such that the perimeter of P’Q’R’ gets minimal. (The well-known answer
isthat P’, Q’, and R’ are the pedal points of the altitudes of ABC, Fig. 16.)

Fig. 15: Point C’ on g solves the extreme value problem min(4C’ + BC").
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Fig. 16: Of all triangles inscribed to a triangle the
altitude pedal point triangle has the shortest perimeter.

As further important mathematical applications of “symmetry”, we mention
the well-known “three reflections theorem” and the “Steiner symmetrisation”,
the latter solving e.g. “Dido’s extreme value problem”, namely that, of all
planar domains with the same perimeter, the circle has the maximal area, (see
e.g. [2]). Symmetry is also present in “geometric optics”, in problems of
(closed) billiards, and many other topics, which go beyond the scope of this

paper.

6 Conclusion

This paper presents some aspects of “symmetry”, and it addresses mainly
teachers and aims for their further education. Finally, we might alter F.
Nietzsche’s saying that “Life without music is an error” to “Humanity without
the idea of symmetry is impossible”.

As the material mostly concerns common knowledge, the list of references
can be kept short, and it concerns the few figures, which are not from the
author.
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Abstract. In this paper, we look at some simple robot mechanisms
dealing mainly with rotational movement. Our focus lies in visual
interpretations of higher-dimensional configurations p aces. Several
examples of robot mechanisms will bring us to visualizations of Carte-
sian products of circles and spheres embedded in the four-dimensional
Euclidean space.

Keywords: higher dimension, 3-R robot, spherical joint, torus, 3-sphere

1 Introduction

Various combinations of movements support various geometric interpreta-
tions. We examine configurations of two mechanisms: 3-R robot (Figure 1,
left) and spherical (or ball) joint mechanism (Figure 1, right). Each con-
figuration will represent a point in a higher-dimensional (configuration)
space. When simply stated, the more freedom the movements of the
mechanism have, the more dimensional the configuration space is. The
main inspiration for this paper was the visual approach presented in [3,
Chapter 2]. A profound study of a spherical joint with detailed visual-
izations is, for example, [1]. Our contribution is in the extension of the
visualization of some configuration spaces into the fourth dimension. To
visualize four-dimensional objects, we use a double orthogonal projection
of a 4-space onto two mutually perpendicular 3-spaces (4-D-DOP) de-
scribed in [4]. Visualizations and interactive models in this paper are
created in Wolfram Mathematica and GeoGebra software.

2 Visualizing configuration spaces

Lynch and Park [3, p. 12] define configuration of a robot as a com-
plete specification of the position of every point of the robot. Next, the
n-dimensional space containing all possible configurations of the robot
is called the configuration space. Each configuration is represented by a
point of the configuration space. It is, of course, useful when a point of
the configuration space corresponds to some configuration uniquely. For
a simple example see Figure 2, in which a 2-R planar robot has two rev-
oluting arms, each of them represents a circle (or 1-sphere S') for each
position of the second. Thus, the configuration space consists of a torus
as a Cartesian product of two circles S x S*.

Similarly, a 3-R robot consists of three revoluting arms, so its config-
uration space might be represented as S' x S! x S'. Such an object is
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Fig. 1: (left) 3-R robot. Each of the arms can revolute around an axis.
Rotations are indicated by circles in joints. (right) Spherical joint with
revoluting arm. A spherical joint connects the hexagonal prismatic arm
of the mechanism to a fixed point, and a revolute joint links the second
endpoint to the green arm with the end effector in the figure.

Fig. 2: (left) 2-R planar mechanism. The blue arm revolutes about the
fixed point, while the red arm is connected with a revolute joint to the
second endpoint of the blue arm. (right) The configuration space of the
2-R planar mechanism. The blue and red circles represent the respective
rotations of the arms.

a 3-dimensional torus embeddable in the 4-dimensional real space. Fur-
thermore, a spherical joint with a revoluting arm consists of a spherical
movement composed with a circular movement of the arm. Therefore
its configuration space is the Cartesian product of a 2-sphere (S?) and
a circle (S1): §% x St
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2.1 Constructing toroidal hypersurfaces of revolution

To understand the upcoming orthogonal projections from the four-dimen-
sional space, let us first remind images of a 2-sphere and torus of revolution
in the Monge’s projection (Figure 3). The object is orthogonally projected
into two mutually perpendicular planes. Therefore, each point has two
conjugated images. For further discussion, it is convenient to observe that
rotation (e.g., of the blue generating circle in the figures) creates an affine
image in the orthogonal projection.

Fig. 3: Principle of Monge’s projection. (left) A sphere and its conjugated
images, including latitudinal and longitudinal circles. (right) A torus of
revolution and its conjugated images, including circles on the surface.

A consecutive construction of the hypersurfaces S x S, S! x St x S!
is illustrated in Figure 4. Let us denote Ty, a translation in a direction
of one of the reference axes (z,y,z,w) and Rpjane a rotation about one of
the reference planes with an argument ¢ € (0, 27).

1 0 0 0 1 0 0 0
R — 0 1 0 0 R — 0 cos(p) 0 —sin(p)
y 0 0 cos(p) —sin(yp) v 0 0 1 0
0 0 sin(p) cos(y) 0 sin(p) 0  cos(p)
1 0 0 0 cos(p) 0 0 —sin(p)
R 0 cos(p) —sin(p) 0 R 0 10 0
L0 sin(e)  cos(p) 0O ve 0 0 1 0
0 0 0 1 sin(p) 0 0 cos(p)
cos(p) 0 —sin(p) O cos(p) —sin(p) 0 0O
R = 0 1 0 0 R — sin(p) cos(p) 0 O
v sin(p) 0 cos(p) O = 0 0 10
0 0 0 1 0 0 0 1
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Fig. 4: A diagram with the consecutive construction of the hypersurfaces
S% x S! and S! x 8! x S! using rotations and translations, and a con-
struction of §' x 8! x 8! from a Clifford torus (bottom illustrations).
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The following procedure might be used to construct the surfaces (conjugated
images in Figure 4 are translated in z and w directions such that the images
do not overlap). Starting with a point (S°) at the origin, we use translation T,
(distance 71) and rotation Ry, (angle @), respectively, to obtain a circle S*

r1 cos(p)
0

r1 sin(yp)
0

For the first case, to construct S? x S*, we apply the rotation R.., (angle 9) to
the circle (S') to create a 2-sphere S?

r1 cos(p) cos(v))
r1 cos(p) sin(z))
r1 sin(yp)
0

Using another translation T} (distance r2) and rotation R, (angle #), we obtain
the hypersurface S? x S*

(r2 + 71 cos(¢) cos(vp)) cos(6)
r1 cos(y) sin(v))
r1 sin(yp)
(r2 + 71 cos(yp) cos(v))) sin(6)

In the second case, to obtain the hypersurface S* x S! x 8!, we return back to
the circle S* and apply, for example, translation T} (distance r2) and rotation
R.. (angle v) to obtain a torus S x St

(rz2 + 11 cos()) cos(¥))
(rz2 + 71 cos(p)) sin(y)

r1 sin(y)
0

Another translation T, (distance r3) and rotation R,. (angle #) of the torus
produce the hypersurface S* x S! x S?

(rs + (r2 + 71 cos(p)) cos(¥)) cos(9)
(r2 4 71 cos(p)

) sin(v))
r1sin(yp)
(rs + (r2 + 71 cos(¢)) cos(v))) sin(6)

It should be noted that there are other useful parametrizations of a torus, or
toroidal hypersurface in a 4-space. One of the alternatives (see also [2]) is a
Clifford flat torus S' x S' € R* with the following parametrization

, for @, € (0, 2m).
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Let us translate it by T, (distance r4) and rotate by R,. (angle 6) to obtain
S' xS x St as

(ra + cos(p + ¥)) cos(8) — sin(y — ) sin(9)
cos(p — )
sin(p + v)

sin(yp — %) cos(0) + (ra + cos(p + v)) sin(6)

2.2 Four-dimensional configuration spaces of a spherical joint
and 3-R robot

At last, let us examine the connection between a configuration of a 3-dimensional
robot and its representation in the configuration space.

Spherical joint with a revoluting arm (Figure 5). For a spherical
joint with revoluting arm, the configuration space consists of a 2-sphere and its
rotation. When fixing the revoluting arm, a unique configuration of the spherical
joint represents a unique point on the 2-sphere in the 4-space. For simplicity, we
can use the same (latitudinal, longitudinal) parameters in spherical coordinates.
The rotation of the revoluting arm rotates the 2-sphere in the 4-space about
the chosen plane. In the figure, the rotation of the 2-sphere produces the affine
image in the orthogonal projection.

\

Fig. 5: The spherical joint mechanism and its configuration space in
the 4-D-DOP. The upper image corresponds to the projection into the
3-space (z,y, z), and the lower image into the 3-space (z,y,w) with re-
spect to the parametrization given in the text.

3-R robot (Figure 6). Three revoluting arms in 3-R robot create torus
surface ST x S! x 8!, where each rotation corresponds to one of the circles. In
the figure, when we consider the last (green) arm as fixed, the first (blue) and
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second (red) arms generate a torus. In the figure, we have used the alternative
parametrization of the flat torus from the previous section. The red and blue
curves on the torus indicate trajectories of the point in the configurations for
the respective rotations. The green curve is the trajectory of the point with
respect to the rotation of the green arm for fixed red and blue arms.

Fig. 6: The 3-robot and images of its configuration space in the 4-D-DOP.
All of the rotations are restricted to the intervals (0,7). An interactive
applet with manipulable elements is on the link:
https://www.geogebra.org/m/xwbcbved.

3 Conclusion

We have presented images of four-dimensional surfaces S?xS* and S* x S! x S?
in the 4-D-DOP visualization method. These surfaces were motivated by repre-
sentations of the configuration spaces of a spherical joint and 3-R robot mech-
anisms. Interactive visualizations of configuration spaces in higher dimensional
spaces might provide a more comprehensive understanding of the complexity
of composing joints or movements. The hypersurfaces shown in this paper are
naturally derived from the rotational movement and could be generalized in
higher dimensions. However, there are many other further mechanisms with
other types of joints, leading to other surfaces. Furthermore, one configuration
space may represent configurations of different mechanisms.
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